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Outline

LectureIII: CollectivePhenomena{ QuantumPhaseTransitions
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Peierls instability
Peierls-Mott competition

Metal insulator transition
Luttinger liquid characterisation
CDW characterisation
Phasediagram of the spinlessfermion Holstein model
Phonon softening

Peierls-insulator Mott-insulator transition
Ground-stateproperties

Charge & spin structure factors
Phonon distribution function
Symmetry considerations

Excitations
Photoemission
Optical response
Spin & charge excitation gaps

Intrinsic localisedmodes

relatedpublications; http://theorie2.physik.uni-greifswald.de
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Peierls inst ability

E®ectof electron-phononcouplingin low-D systems?

; structural distortions at commensurateband ¯llings n,
famousexample,Peierlsinstability:
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Lattice dynamics?Especially important in 1D!
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Peierls Mott transition

E®ectof Coulombinteraction?

groundstate:

Peierls
insulator

w0
g U

t
metal

insulator
Mott

excitations?

electron-holepairs
,! QP behaviour!

quantum phasetransitions
( ??? )

massive² but gapless"
,! spin-charge separation!

,! quasi-1Dmaterials: wide variety of broken-symmetrygroundstates
& (partially) exotic excitations!
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Part I: Metal-Insulator Transition

(Luttinger liquid vs charge-density-wavebehaviour)

simplestmodel: 1D spinlessfermionHolsteinmodel at half-¯lling

H = - t
X

hi ,j i

cy
i cj - g ! 0

X

i

(by
i + bi )n i + ! 0

X

i

by
i bi

N sites,Ne electronswith n = Ne=N = 0.5, dispersionlessphonons,T = 0

parameters:g2 = " p =! 0; ¸ = " p =2t , and ® = ! 0=t

\known" results:
¸ %: quantum phasetransition from a metallic (LL) to an insulating(Peierls
distorted) phase;RG, QMC, GFMC,ED, DMRG, . . . ; phaseboundary,
but signi¯cant discrepanciesin the adiabaticintermediatecouplingregime!
! 0 ! 0: ¸ c ! 0
strong-couplinganti-adiabaticregime; exactlysolvableXXZ model:
Kosterlitz -Thoulessphasetransition
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Luttinger liquid parameters

Characterisationof Luttinger liquids?

Holsteinmodel - gaplessfor small couplings; Tomonaga-Luttinger
universality class[HaldaneLL conjecture(PRL 45, 1358 (1980))]:

n(k), ½(! ), G(x), Â- 1, · - 1,. . . ® K½, u½

interaction (sti®ness)constantand charge velocity
9 scalingrelations!

(conformal ¯eld theory - A²eck, Cardy, Nomura, Okamoto, Voit,. . . )

" 0(1 ) -
E0(N)

N
=

¼
3

u½

2
1

N2 / ground-stateenergy

E( § 1)
0 (N) - E0(N) = ¼

u½

2
1

K½

1
N

/ charge excitation gap

Density Matrix RenormalisationGroup:
systemswith N=128 . . . 512 accessible

,! determinationof (non-universal)K½ & u½!

Hl' -1l +1H

system block environment
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Finite-size scaling

E®ectsof EP coupling?
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,! scalingrelationsare still ful¯lled almost perfectly { 8®!

(but, of course,they break down at large g2)
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Finite-size scaling

Extraction of LL parameters:
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g2 ! 0=t = 0.1 ! 0=t = 10.0

K½ u½=2 K½ u½=2

0.6 1.031 » 1 » 1 0.617

2.0 1.055 0.995 0.949 0.146

4.0 1.091 0.963 0.651 0.028

> 1 < 1

,! adiabaticregime: attractive interaction & weaku½-renormalisation
anti-adiabaticregime: repulsiveinteraction & strong u½-renormalisation!
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Char ge density wave f orma tion

Charge structure factor at ¼: Sc (¼) =
1

N2

X

i ,j

(- 1) j h(n i - 1
2 )(n i + j - 1

2 )i
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,! existenceof a Peierls-CDW phaseabovegc (®)!
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Gr ound-st ate phase dia gram
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Photoemission spectra I

Injection/emissionof electrons?(c+
K¾ = cy

K¾ - IPE; c-
K¾ = cK¾ - PE; ¾´" )

A§
K¾(! ) =

P
m jhÃ ( N el § 1)

m jc§
K¾ jÃ ( N el )

0 i j2±[ ! ¨ (E( N el § 1)
m - E( N el )

0 )]

² weakcoupling:
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Holger Fehske Numerical Stud y of Holstein Polar ons LL vs CD W Varenna - June 27, 2005 11 / 31



Photoemission spectra I I

² critical coupling:
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Photoemission spectra I I I

² strong coupling: ¯nite gap ; CDW insulator
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Phonon spectra - adiaba tic case I

Renormalisationof phonondispersion? D Q (! ) = 2! 0 hhxQ ; x- Q ii !

(with xi = (by
i + bi )=

p
2! 0; BQ (! ) = - 1

¼ImDQ (! ))

² weakcoupling:

0 0.2 0.4 0.6 0.8 1 1.2 1.4
w / t

p

0

B
Q
(w

)

l  = 0.05

Nc = 8 (CPT )

a = 0.4

e! (Q) ' ! 0

K = 0 \electron" state -
phononadmixture
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Phonon spectra - adiaba tic case I I

² ¸ ! critical coupling:
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Phonon spectra - adiaba tic case I I I

² strong coupling: CDW insulator
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Phonon spectra - anti-adiaba tic case

weakcoupling

0 1 2 3 4 5 6
w / t
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0

B
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2
 = 0.5

Nc = 8a = 4

signatureof polaron banddispersion

precursor of softening?

strong coupling

-1 0 1 2 3 4 5 6
w / t

p

0

B
Q
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l  = 8  -   g
2
 = 4

Nc = 4a = 4

almost perfect doubling

dispersionlesssignatureat ! 0

Hohenadler,Alvermann, HF: in preparation (2005)
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Schematic phase dia gram

~1r r1, 1K <1,urr <<u>
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insulator

polaronic
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]K[
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>> 1a0w
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- HF, Holicki, Wei¼e:Adv. Solid State Physics,40 , 235 (2000)
- Sykora, HÄubsch,Becker, Wellein, HF: Phys. Rev. B 71, 045112(2005)
- HF, Wellein, Hager, Wei¼e,Becker, Bishop: PhysicaB 359-361,699 (2005)
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Part II: Insulator-Insulator Transition

(Peierlsvs Mott)

simplestmodel: 1D HolsteinHubbard model at half-¯lling

H =
X

i¾

² i n i¾ - t
X

hi ,j i ¾

cy
i¾ cj¾ - g ! 0

X

i¾

(by
i + bi )n i¾ + ! 0

X

i

by
i bi + U

X

i

n i " n i #

N sites,Ne" = Ne# = N=2 electrons,i.e. n = 1, dispersionlessphonons,T = 0

parameters:g2 = " p =! 0; ¸ = " p =2t , ® = ! 0=t , and u = U=4t

Hardly any exact results!
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Char ge & Spin str ucture f actors

Suppressionof CDW by Hubbard interaction?

Increaseof SDW? Sz
i = 1

2 (n i " - n i #) Ss (¼) =
1

N2

X

i ,j

(- 1) j hSz
i Sz

i + j i
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Yes! Finite-sizee®ects?
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CD W-SD W transition

Phasetransition? N ! 1 ! ; DMRG ¯nite-size scalingnecessary

¸ > u
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Phonon distribution

Phonon\contribution" to the groundstate?
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(besidesQ = 0 mode)
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of multi-phononstates

PI: Poisson-like distribution
of phonons
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Photoemission spectra I

Single-particle excitations?

Mott insulatingregime u=¸ > 1
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Mott-to-Peierlstransition u=¸ ' 1
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Photoemission spectra I I

CDW regime?

adiabaticcase: ® ¿ 1
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,! \no rmal" Peierlsband insulator

anti-adiabaticcase: ® À 1
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,! polaronic superlattice
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Optical response

Signaturesof the PI-MI QPT in the optical conductivity?

EP coupling¯xed (¸ = 1, ® = 1) { increasingHubbard interaction:
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(u=¸ )c ; optical gap ¢ opt = 0, metal!? Drude-weight ill-de¯ned!
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Many-bod y excit ation gaps

Proof of spin-charge separation? ; DMRG ¯nite-size scalingof

charge gap: ¢ c = E( N el + 1)
0 ( 1

2 ) + E( N el - 1)
0 (- 1

2 ) - 2E( N el )
0 (0)

spin gap: ¢ s = E( N el )
0 (1) - E( N el )

0 (0) (both including lattice relaxation!)
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QPT - symmetr y considera tions

(u=¸ )c { levelcrossing® symmetrychange?

- HHM - invariant with respect to inversionat site i

inversionsymmetry(parity) operator: P̂ci ¾P̂y = cN - i ¾ (i = 0,1, . . . , N - 1)

- Hubbard model on ¯nite lattices (N = 4L; PBC):
P=1 for U = 0 & P= - 1 8U > 0

- HolsteinHubbard model: ¾reg points parity changeout!
jÃ0i by ED ; P=1 for U < Uc !

physicalpicture:

Dopt=0g fix

Dc sD
parity

,

spin

charge

separation

UQPT

MIPI

+
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Schematic phase dia gram

Bipolaronic
Insulator

Mott Insulator
Dc Ds> = 0; P = -1

SDW

a >> 1a << 1

u/l << 1

u/l >> 1

p
0

t
e

w

l 2g

u

CDW

Peierls Insulator
Dc Ds= > 0; P = +1

Band
Insulator

U

HF, Wellein, Hager, Wei¼e,Bishop: Phys. Rev. B 69 , 165115(2004),. . .

Experimentalrelevance?; quasi-1DMX solids(M =Pt,Pd,Ni - X=Cl,Br,I) !
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Adiaba tic limit

\F rozenphonons"(! = 0)? H t - U -
P

i¾ ¢ i n i¾ + K
2

P
i ¢ 2

i

schematicphasediagram:

D

D
opt

s

optU Us U

P=-1
MI

P=+1

PI U

-1

PI

MI

D

D> 0

= 0
en

er
gy

 g
ap

s

c=DoptD

CDW (+BOW ?)

k

Maybe two (continuous)transitionsat weakEP couplings!?

HF, Kampf, Sekania, Wellein, Eur. Phys. Jour. B 31, 11 (2003),. . .
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Intrinsic localised vibra tional modes

Pt-Cl MX-chain: CDW

N N

C C

NN

C C

Pt

N N

C C

NN

C C

Pt

N N

C C

NN

C C

Pt

NN

C C

N N

C C

III+ d III+ d
XXXPt

III- dd III-

Peierls-Hubbard model

EP-coupling
/ ¸ R ( b R + b y

R )( n e ,2 - n e ,4)

non-linear dynamics!

IVCT gap ' 2.4 eV

XX PtIIIPtIII

X Pt PtX IIIV
e-

2 3 41

resonanceramanspectra

Swansonet al. PRL 82, 3288

JADA diagonalisation
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HF et al PRB 63, 245121

; redshift of overtones!

rn =
n! ( 1)

R - ! ( n )
R

! ( 1)
r

n r exp.
n r theo.

n

2 0.4 0.4

3 1.1 1.1

4 2.4 2.5

5 4.6 4.7

6 7.7 7.5

7 11.6 11.2

©
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\Messa ge"

Stronglycorrelatedelectron-phononsystems

; remarkablevariety of

interestingphysicalphenomena& theoretical problems

,! great challenge!

numericalstudy of simpli¯ed (but generic)model Hamiltonianson ¯nite
lattices ,! powerful tool to addressthis ¯eld

groundstate and spectral propertiesof the 1D Holstein(Hubbard) model are
understood to a large extent, but

what about 0 < n < 1 (including the spin degreesof freedom),D > 1,
T > 0, . . . ?

There is still a lot of work to be done!
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