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The phase diagram of the two-leg t-Jz ladder is explored, using the density-matrix renormalization group
method. Results are obtained for energy gaps, electron density profiles, and correlation functions for the half
filled and quarter filled cases. The effective Lagrangian velocity parameter v� is shown to vanish at half filling.
The behavior of the one-hole gap in the Nagaoka limit is investigated, and found to disagree with theoretical
predictions. A tentative phase diagram is presented, which is quite similar to the full t-J ladder, but scaled up
by a factor of about 2 in coupling. Near half filling a Luther-Emery phase is found, which may be expected to
show superconducting correlations, while near quarter filling the system appears to be in a Tomonaga-Luttinger
phase.
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I. INTRODUCTION

The discovery of high-temperature superconductivity in
the cuprate materials has sparked huge interest in models of
strongly correlated electrons in low-dimensional systems,
such as the Hubbard, t-J and t-Jz models. These models are
exactly solvable in one dimension, at least in some special
cases; but the two-dimensional models pose a formidable
numerical challenge. The “minus sign” problem is a major
stumbling block for Monte Carlo calculations in these fermi-
onic systems; and the convergence of density-matrix renor-
malization group �DMRG� calculations is slow in two di-
mensions. Exact finite-lattice calculations, though useful, are
limited to small lattice sizes; while series expansions have
typically only been useful for special cases such as the half
filled limit.

In these circumstances, a considerable effort has been in-
vested in the study of “ladder” systems consisting of two or
more coupled chains of sites. Ladders provide a “halfway
house,” in some sense, between one and two dimensions; and
they also display some very interesting effects in their own
right.1,2 They display quite different behavior depending on
whether the number of legs is even or odd, as in the Haldane
effect for the Heisenberg ladders.3 Furthermore, experimen-
tal compounds have been found which form ladders,4 such as
SrCu2O3,5 which may allow the theoretical predictions to be
tested experimentally.

The t-J model is an “effective Hamiltonian” for the parent
Hubbard model, valid when the Coulomb repulsion is large,
but nowadays it is considered as an interesting model in its
own right.6,7 The t-Jz model is a variant in which the rota-
tional symmetry is broken, and the spin interactions are
Ising-like. The two-leg t-J ladder has been extensively stud-
ied, using exact diagonalization,8–16 quantum Monte Carlo,17

the DMRG technique,18–24 a combination of different
methods,25 or using mean-field or approximate analytic
methods.19,26–28 Near half filling, the model has been ex-
plored using dimer series expansions.29–31

Our object is to study the corresponding two-leg t-Jz lad-
der, and compare the results for the two models. The t-Jz
chain has been discussed by Batista and Ortiz,32 and the

t-Jz model on the square lattice has been treated by several
groups.33–36 Our primary tool is the DMRG approach,
supplemented with a few series calculations near half filling.

The phase diagram for the t-J ladder has been discussed
by Troyer et al.,10 Hayward and Poilblanc,12 and Müller and
Rice.14 At large J / t, the holes all clump together, and phase
separation occurs into hole-rich and hole-poor regions. At
intermediate J / t, near half filling, a “C1S0” or Luther-Emery
phase occurs, where the spin excitations are gapped, while
there is a gapless charge excitation mode. Troyer et al.10

found evidence of pairing between the holes in this region,
together with long-range superconducting correlations with
modified d-wave symmetry. The spin gap is discontinuous at
half filling, as the simple magnon excitation gives way to a
particle-hole excitation with spin. At smaller J / t, the phase
structure appears to become more complicated, with a pos-
sible C2S2 phase appearing �two gapless charge modes and
two gapless spin modes�;14 while at extremely small J / t, a
Nagaoka phase is expected to appear,37 where each hole is
surrounded by a region of ferromagnetic spins, forming a
ferromagnetic polaron. In that region no spin gap occurs, and
the holes repel each other.

The t-Jz ladder might be expected to show similar behav-
ior. The major difference between the models is that quantum
spin fluctuations are absent in the t-Jz model, and the system
exhibits long-range antiferromagnetic order for half filling at
T=0, whereas the t-J model does not. This long-range order
will be destroyed at any finite temperature, however, and
both models will then display similar long-range antiferro-
magnetic correlations. The two models should be very simi-
lar in most other aspects.

This expectation is borne out by our numerical results.
The phase diagram for the t-Jz ladder looks very similar to
that of the t-J ladder, except that the critical couplings are
about twice as large, and the Tomonaga-Luttinger C1S1
phase extends to somewhat higher electron densities.

In Sec. II we specify the model, and consider its behavior
in various limiting cases. In Sec. III a brief discussion of the
DMRG method is given, and in Sec. IV our numerical results
are presented. Our conclusions are given in Sec. V.
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II. MODEL

The Hamiltonian of the t-Jz ladder model is �see Fig. 1�

H = J�
i,a

Sia
z Si+1,a

z + J��
i

Si1
z Si2

z

− t �
i,a,�

P�cia�
† ci+1,a� + H.c.�P

− t��
i,�

P�ci1�
† ci2� + H.c.�P . �1�

Here the index a=1,2 labels the two legs of the ladder, i
labels the rungs of the ladder, the couplings J ,J� are the
strengths of the spin interactions on legs and rungs, respec-
tively, and t , t� are the hopping strengths on legs and rungs.
The projection operators P forbid double occupancy of sites
as usual. A density-density interaction term is sometimes in-
cluded as a relic of the parent Hubbard model, but we do not
do that here.

In the half filled case, with a single electron occupying
every site �n=1�, the model becomes equivalent to a simple
classical Ising antiferromagnet. The ground state is a doubly
degenerate antiferromagnetic state �Fig. 2�a��, with energy

E0 = −
L

4
�2J + J�� , �2�

where L is the number of rungs of the ladder. The system can
be solved exactly in various limiting cases as follows.

A. Limiting cases

1. Rung dimer limit „J /J�\0, t /J= t� /J�…

For J��J, the system consists of independent dimers on
the rungs of the ladder. The eigenstates on a single rung are
listed in Table I. The ground state is doubly degenerate here,
with both “singlet” and “triplet” states with Sz=0 having the
same energy, unlike the case of the full t-J ladder. This de-
generacy means that one cannot simply compute a perturba-
tion series expansion about the dimer limit in this case, un-
less one employs degenerate perturbation theory, or
introduces an “artificial” interaction to lift the degeneracy.

2. Independent chain limit „J� /J\0, t /J= t� /J�…

In this case we end up with two independent chains. The
chain behavior has been discussed by Batista and Ortiz.32

They showed that the spins were Neel ordered along the
chain in the ground state, which could then be mapped onto
an XXZ spin chain. Phase separation occurs at the �rather
large� value J / t=8 for all hole densities. Below that value,
the system forms a gapless Luttinger liquid, with correlation
exponent K� and charge velocity v�. The system can be ex-
actly solved via the Bethe ansatz, at quarter filling giving

K� =
�

4�� − ��
, v� =

�t sin �

�
, �3�

where cos �=−J /8t. Thus for 0�J /8t�1/�2, we have
1/�2�K��1, while for 1 /�2�J /8t�1, we have K��1,
implying that superconducting correlations dominate at large
distances. At half filling, on the other hand, we have free
fermion �metallic� behavior with K�=1/2.

3. Ising limit „t /J\0, t /J= t� /J�)

In this limit, the model becomes equivalent to a classical,
static Ising model. Unless otherwise stated, we assume peri-
odic boundary conditions, and an even number of rungs L.
The ground state at half filling is the fully antiferromagnetic
state shown in Fig. 2�a�, with Sz=0. The low-energy spin
excitations will consist either of localized flipped spins
�“magnons”� with Sz= ±1, as shown in Fig. 2�b�, or else
domain wall �“soliton”� excitations, as shown in Fig. 2�c�,
analogous to the “spinon” excitations in Heisenberg chains,

FIG. 1. The t-J ladder.

FIG. 2. Spin configurations at 1/2 filling: �a� the antiferromag-
netic ground state; �b� an SZ=1 excitation; �c� a domain wall �soli-
ton� excitation.

TABLE I. Rung dimer eigenstates.

Number Eigenstate Sz Energy

1 ��↑ ↓ �− �↓ ↑ �� /�2 0 −J� /4 singlet

2 �↑ ↑ � 1 +J� /4

3 ��↑ ↓ �+ �↓ ↑ �� /�2 0 −J� /4 triplet

4 �↓ ↓ � −1 +J� /4

5 �00� 0 0 hole-pair singlet

6 ��↑0�+ �0↑ �� /�2 1/2 −t� electron-hole

7 ��0↓ �+ �↓0�� /�2 −1/2 −t� bonding

8 ��↑0�− �0↑ �� /�2 1/2 +t� electron-hole

9 ��0↓ �− �↓0�� /�2 −1/2 +t� antibonding
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but carrying Sz=0 in this case. The total number of solitons,
in the absence of holes, and assuming periodic boundary
conditions, has to be even for L even, and odd for L odd, as
in the Heisenberg chain. The energy gaps for these two ex-
citations are, respectively,

E2b − E0 = J +
J�

2
,

E2c − E0 = J . �4�

Since there are no quantum spin fluctuation terms in the
Hamiltonian, these spin excitations are of course static, in the
absence of holes. Note that since the solitons carry integer
spin, there is no possibility of spin-charge separation in this
model.

The lowest-energy charge excitation will consist of a
single hole in the antiferromagnetic background �Fig. 3�a��,
with spin Sz= ±1/2, and energy

E3a − E0 =
1

4
�2J + J�� . �5�

The lowest eigenstates in the two-hole sector consist of a
bound pair on adjacent sites �Figs. 3�b� and 3�c�� with spin
SZ=0 and energies

E3b − E0 =
1

4
�3J + 2J�� ,

E3c − E0 =
1

4
�4J + J�� . �6�

It is clear that holes will cluster together to minimize the
number of “broken bonds” and hence the energy, and the
system will be phase separated in this Ising limit.

For small but finite t /J, one can study the system via
perturbation series calculations in t /J. Some results of these
calculations will be shown in later sections. The single hole
states illustrated in Fig. 3�a� are localized states, because
there is an energy barrier preventing them from hopping: any

hop will disturb the antiferromagnetic alignment of the spins.
At higher energy, however, there will be states such as that
shown in Fig. 4, with unperturbed energy

E4 − E0 =
1

4
�8J + J�� , �7�

where the hole is free to hop along the zigzag path shown
without incurring any further penalty in spin interaction en-
ergy. Assuming periodic boundary conditions, these states
are made up of a hole plus a soliton for L even, or a hole
alone for L odd. For finite t /J, they will form a band of
itinerant electron states. The mobility of the electrons in both
the chain and the ladder systems is a major point of distinc-
tion from the two-dimensional model, where the holes are
“confined,” i.e., cannot move without creating a “string” of
overturned spins behind them, and paying a penalty in spin
interaction energy.38 The states in Figs. 3�a� and 4 will mix
as soon as t is turned on, and both configurations should be
regarded as hole-soliton bound states.

We will also employ open boundary conditions in our
calculations. In this case, the holes will cluster towards the
boundaries in the Ising limit, in order to minimize the num-
ber of broken bonds. In this case the ground-state energy is

E0 = −
1

4
�2J�L − 1� − LJ�� , �8�

and the lowest one-hole state �Fig. 5�a�� has energy

E5a − E0 =
1

4
�J + J�� , �9�

while the lowest two-hole state �Fig. 5�b�� has energy

E5b − E0 =
1

4
�2J + J�� . �10�

The single hole state is not necessarily accompanied by a
soliton in this case.

FIG. 3. Charge excitations near to 1/2 filling: �a� a one-hole
state; �b�, �c� two-hole states.

FIG. 4. A hole-plus-domain-wall excitation, showing an allowed
zigzag path for hopping �solid line�.

FIG. 5. Charge excitations for the ladder with open boundaries:
�a� one hole; �b� two holes.
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4. Free-fermion limit „J / t\0, t /J= t� /J�…

In this limit, a single hole will move through the lattice as
a free particle, and its dispersion relation is naively expected
to be

E1�k� = − 2t cos k − t�. �11�

For simplicity, we shall restrict our remarks henceforth to the
isotropic case t�= t, when the one-hole energy gap in this
limit is −3t.

The behavior at small J / t should be similar to that of the
t-J model. The one-hole energy in the two-dimensional t-J
model has been discussed by a number of authors33,38–41 At
extremely small J / t �of order 10−2, in the region of the Na-
gaoka phase37,41�, the hole will be surrounded by a ferromag-
netic “polaron,” or region of ferromagnetically aligned spins,
with spin energy of order JR2 for a disc of radius R, within
which the hole is fully mobile. In this regime, the one-hole
energy is

E1h/t 	 − 4 + c1
 J

t
�1/2

, �12�

where c1 is a numerical constant. At larger J / t, however, the
lowest-energy states correspond to Brinkman-Rice “string”
states,38,39 where the hole is confined by a string of over-
turned spins within an antiferromagnetic background. This
picture gives a one-hole energy

E1h/t 	 − a1 + b1
 J

t
�2/3

, �13�

where a1	4. Shraiman and Siggia39 estimated a1=2�3 and
b1=2.74 for the t-Jz model, quite close to the values found
numerically by Barnes et al.33 and White and Affleck.41

For a one-dimensional chain, no Nagaoka phase occurs,
but for a ladder the condition is once again met that holes
can hop around closed loops, and a Nagaoka phase is
expected.10 White and Affleck41 have pointed out that the
ferromagnetically aligned spins inside the polaron will orient
themselves in the xy plane, rather than along the z axis, be-
cause this costs an exchange energy of J /4 per bond, rather
than J /2. For our ladder model, the ferromagnetic “polaron”
region will be one dimensional. If the polaron region spans L
rungs of the ladder, the cost in magnetic energy will be

EM =
3

4
JL . �14�

Assuming the one-hole wave function to vanish at the edges
of the polaron, it will take the form

�
k� = A�
n

cos�kn���n,1� + �n,2��, k =
�

L
, �15�

where �n ,a� denotes a hole at rung n on leg a of the ladder,
and A is a normalization constant. The kinetic or hopping
energy is then easily found to be

EK = − 3t + t
�

L
�2

�L → � � . �16�

Minimizing the total energy E1h=EM +EK with respect to L
we find

E1h/t = − 3 +
3

4

3�J

t
�2/3

= − 3 + 3.35�J/t�2/3. �17�

For intermediate J / t, the Brinkman-Rice string picture38,39

will give a qualitatively similar behavior,

E1h/t 	 − a2 + b2
 J

t
�2/3

, �18�

where a2	3. It is doubtful whether approximations such as
those used by Shraiman and Siggia39 to calculate the coeffi-
cients a2 and b2 for the two-dimensional �2D� model are at
all accurate for the ladder, and we will not attempt an explicit
calculation of these coefficients.

B. The effective Hamiltonian

In the regime of physical interest, the t-J ladder is be-
lieved to be in a C1S0 or Luther-Emery phase, with gapped
spin excitations and gapless charge excitations corresponding
to bound hole pairs. Several authors10,12,22,23 have discussed
an effective Hamiltonian to describe these bosonic excita-
tions, which would capture the low-energy physics of the
model. Here we merely summarize their results.

In the recent analysis of White, Affleck, and Scalapino,23

they use a bosonization technique to construct the low-
energy effective Hamiltonian

H − �L =
v�

2
� dxK���

2 +
1

K�

d�

dx
�2� , �19�

where � is a chemical potential, �� is the momentum density
conjugate to �, v� is the velocity of the corresponding gap-
less low-energy excitations, and the parameter K� controls
the correlation exponents. The two parameters v� and K�

must be extracted from numerical data.
White et al.23 show that the finite-size scaling behavior of

a general low-energy excitation is

E − E0 = − 2p� +
2�v�

L

K�m2 +

p2

4K�

+ �
k=1

�

k�nLk + nRk�� ,

�20�

where E0 is the ground-state energy for a given density n, nLk
and nRk are occupation numbers for left and right moving
states of momentum 2�k /L, L is the number of rungs of the
ladder, and p and m are integer-valued quantum numbers.
The total charge relative to the ground state is Q=−2p, and
the other quantum number m measures the “‘chiral charge.”

By measuring the ground-state energies for three different
charge states with �Q= ±2, one can determine the ratio
v� /K�:
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E�p = 1� + E�p = − 1� − 2E0 =
�v�

K�L
. �21�

This is directly related to the electron compressibility � of
the two-leg ladder, generally defined as

1

n2�
�

1

2L

d2E

dn2 =
�v�

2K�

�22�

using Eq. �21�, where n is the electron density. This formula
applies for either periodic or open boundary conditions
�BCs�, in principle. The velocity may be measured indepen-
dently using the excitation energy of the lowest state of mo-
mentum 2� /L for periodic BCs,

E�nR1 = 1� − E0 =
2�v�

L
. �23�

For open BCs, the momentum spacing is � /L, and the cor-
responding formula is

E�n1 = 1� − E0 =
�v�

L
. �24�

Hence one can obtain estimates for K� and v� separately.
One may also use “twisted” boundary conditions with the

wave function acquiring a phase � at the boundary, corre-
sponding to an Aharonov-Bohm flux threading the one-
dimensional ring formed by joining the ends of the ladder
together. This increases the ground-state energy by

E0 → E0 +
8�v�K��2

L
�25�

and allows one to determine the combination v�K�. This ap-
proach was used by Hayward and Poilblanc.12

Finally, White et al.23 discuss how one may estimate K�

from the decay of Friedel oscillations in the system. Friedel
oscillations are density oscillations produced near the bound-
ary of an open ladder, which decay with a power law corre-
sponding to the exponent K� with distance into the ladder.
Using their bosonization analysis and a conformal transfor-
mation, White et al.23 show that for a system of length L the
density at site �rung� j should vary as

�nj� →
C cos�2�nj + ��

��2L/��sin��j/L��K�
, �26�

where C ,� are constants, and 2�n is the minimum wave
vector of Friedel oscillations in the C1S0 phase, correspond-
ing to two holes per wavelength. This is the same wave
vector that would occur for a one-component spinless hard
core bose gas, made up of tightly bound hole pairs.

Schulz42 has argued in the case of the t-J ladder that K�

should take the universal value K�=1 at half filling; but his
argument starting from the rung dimer limit is not necessar-
ily applicable to the t-Jz model.

Note that the picture may be complicated by the occur-
rence of a gapped charge-density wave �CDW� phase at spe-
cial commensurate filling factors such as n=0.5 or n=0.75.
In this case, the charge-density oscillations persist at all dis-
tances from the walls, corresponding to broken translational

symmetry and a regular pattern of hole placements. This pos-
sibility has been discussed by Riera et al.36 and White et al.23

III. METHOD

The model �1� is solved using the density-matrix renor-
malisation group �DMRG� method.43 Calculations have been
performed at both half filling and quarter filling. Calculations
have been performed with both periodic and open boundary
conditions �OBCs� in the horizontal direction, but most of
the results use OBCs because the convergence is much better
in this case.

In the half filled case we have calculated the ground state
as well as one-, two-, and four-hole excited states. In the
one-hole case we have calculated Sz=1/2, 3/2, and 5/2
states. We have calculated energies of these states as well as
density profiles �n̂i�. The infinite lattice algorithm43 is em-
ployed in this case, using typically M =60 states per block
and symmetry sector, which corresponds to a total of about
300 system block states. The lattice buildup phase is illus-
trated in Fig. 6. By running tests for a number of different
values of M, we established that the energies of these states
have been resolved with sufficiently high accuracy for our
purposes.44

In the quarter filled case, it is necessary to use the finite
lattice method43 in order to achieve reasonably converged
energies. We use the infinite lattice method to build a ladder
to a given size, increasing the system block size by a whole
rung at each DMRG step as in Fig. 6. We then perform a
finite lattice sweep at the fixed lattice size, using the previ-
ously developed system blocks to improve the accuracy of
the calculation. Once a target size has been completed with a
finite lattice sweep, the infinite lattice algorithm is resumed
to proceed to a larger target lattice size whereupon the
sweeping procedure is again employed. This way we obtain
accurate finite lattice method results for a number of lattice
sizes, e.g., N=4, 8, 12, 16, 24, 32, 64, 128, 256 lattice sites.
We found that one finite lattice sweep at each target lattice
size was sufficient with subsequent sweeps at the same lat-
tice size adding little improvement compared with increasing
the basis size. Wherever necessary, the data are extrapolated

FIG. 6. Infinite lattice construction of the two-leg ladder. Two
whole rungs �four sites—open circles� are added per DMRG step.
The system and environment blocks increase by one rung �two
sites� per DMRG step.
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to the bulk limit N→� by fitting a low-order polynomial in
1/N to the finite lattice data.

Typical discarded weights used at the middle of the sweep
are around 10−6, where we have used around 300–400 basis
states in the system block �M =60�. However, larger scale
calculations, with around 1600 basis states �M =200� and
discarded weights of around 10−8 were used to check that the
DMRG convergence was adequate relative to other errors
such as finite-size scaling extrapolation errors in difficult
cases.

IV. RESULTS

We have calculated numerical DMRG results for this
model for the isotropic case, J=J��Jz , t= t�, and for vari-
ous Jz / t, on lattices of L rungs with L even. Our discussion
henceforth will be limited to this case.

A. Near half filling

We begin by considering states with a finite number of
holes doped into the half filled system �n=1�.

1. Single-hole states

Figure 7 shows DMRG estimates of the energy gap for a
single hole with spin Sz=1/2, as a function of Jz / t, for both
periodic and open boundary conditions. The results of a se-
ries calculation are also shown for the periodic case. The
series estimates were obtained assuming the Nagaoka form
�17�

f�t� � E1h + 3t 	 bt1/3 as t → 0. �27�

Accordingly, the series in t for f�t� was Euler transformed
z= t / �1+ t� to bring the singularity to z=1; then a further
change of variable was made,

1 − � = �1 − z�1/3, �28�

so that one may treat the function �1−��f��� as analytic in �
near �=1; and finally, differential approximants were used to

extrapolate this function to �=1. It can be seen that the series
results agree very well with the DMRG results for J−z / t
�0.3, but run a little lower below that.

It can also be seen that there is a difference between the
DMRG results with periodic and open boundary conditions.
As discussed in Sec. II A 3, this is because the state with
periodic boundary conditions is actually a hole-soliton bound
state. The difference between the two energies is shown in
the inset to Fig. 7.

At smaller Jz / t, one is tempted to look for a transition to
a Nagaoka phase,37 i.e., a phase with ferromagnetic spin or-
der or at least a ferromagnetic polaron bubble around the
hole. In the t-Jz model, however, the situation is rather dif-
ferent from the t-J model, where the full spin-rotation sym-
metry applies. The scenario is illustrated in Fig. 8, where we
show the complete one-hole energy spectrum of the t-J and
t-Jz models on a four-rung cluster. The left-hand panel shows
the t-J case, where at J=0 the ground state has maximal spin
S=7/2 �ferromagnetic�. As J increases, at some critical cou-
pling Jc this state crosses another state with minimal spin S
=1/2, which becomes the ground state thereafter. The right-
hand panel shows the t-Jz case. At Jz=0, the system is rota-
tion symmetric, the Nagaoka theorem applies and the ground
state again has the maximal possible spin Smax and degen-
eracy 2Smax+1. As soon as Jz becomes finite, however, the
symmetry is broken, the multiplet splits into its Sz compo-
nents, and the state with minimal Sz= ±1/2 becomes the
ground state. Clearly, there is no level crossover in the t-Jz
case. All we can expect for increasing Jz is a continuous
fading-out of the ferromagnetic correlations. This accords
with the smooth approach of the one-hole energy to −3 as
Jz→0 in Fig. 7.

A comparison of the numerical data at small Jz / t with the
theoretical prediction �17� gives the following results. A
Dlog Pade analysis of the series gives a rather inaccurate
estimate of the exponent in the range 0.5–0.7, which would
be consistent with 2/3. A fit to the DMRG data over the range
0–0.1, however, gives

E1h

t
= − 3 + 1.444
 Jz

t
�0.53

, �29�

with an exponent much closer to 1/2 than 2/3. This is illus-
trated by the difference between the DMRG data and the

FIG. 7. �Color online� The energy gap E1h / t= �E1−E0� / t for one
hole, as a function of Jz / t. Filled circles, open boundary conditions;
open squares, periodic boundary conditions; solid line, estimates
from Ising series expansion.

FIG. 8. �Color online� Low-energy spectrum of the t-J �left� and
t-Jz �right� model on a four-rung ladder with seven electrons, with
different colors used for different total spins.
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series extrapolation in Fig. 7 at small Jz / t. Thus the data do
not seem to behave in accordance with theoretical expecta-
tions in this instance.

Figure 9 shows the bandwidth for the one-hole state with
Sz=1/2 predicted by the Ising series expansion, as a function
of Jz / t. We see that the predicted bandwidth rises as Jz / t
decreases, as one might expect, until at Jz / t�0.3 it reaches a
peak, and begins to drop towards zero. Similar behavior in
the region of small J / t has been predicted for the two-
dimensional �2D� t-J model by Martinez and Horsch45 and
Liu and Manousakis,46 and confirmed by series
calculations.47 The theoretical predictions assume long-range
antiferromagnetic order, and construct an effective Hamil-
tonian in which the spin dynamics are treated in linear spin-
wave theory, and the holes are treated as spinless fermions,
following Schmitt-Rink, Varma, and Ruckenstein.48 The re-
sults are consistent with the string picture of Brinkman and
Rice,38 and appear to show a sequence of narrow string ex-
citation peaks in the spectral function, corresponding to holes
bound in a linear potential. The effects are even more marked
in the t-Jz model.

It would be very interesting to check the actual behavior
of the bandwidth by means of DMRG estimates, but unfor-
tunately our codes cannot distinguish different momentum
eigenstates.

2. Two-hole states

In studying two- and four-hole states and looking for the
phase separation boundary, we wanted to avoid the holes
sticking to the boundary and thus obscuring the bulk physics.
Accordingly, we have added an extra “boundary potential”
term at the sites adjacent to the boundary:

HB = −
Jz

4 �
i,�

ci,�
† ci,�. �30�

As it turns out, this makes a negligible difference to the
energy gaps in the region of interest. This has been checked
in terms of calculations in the absence of a boundary term
and with periodic boundary conditions.

In the two-hole sector, the first quantity of interest is the
two-hole binding energy

EB = 2E1 − E2 − E0. �31�

Figure 10 shows the binding energy as a function of Jz / t for
both Sz=0 and Sz=1, computed with open boundary condi-
tions. It can be seen that a two-hole bound state with Sz=0
forms for large Jz / t, but the binding energy vanishes at
Jz / t�0.60, and below this point the holes do not bind. In the
Sz=1 channel, there is a small binding energy at large Jz / t,
which vanishes at Jz / t�1.8.

Similar results have been found for other members of this
family of models. For the 2D t-Jz model, Riera and Dagotto34

estimated that the holes become unbound at Jz / t�0.18;
while for the t-J ladder, Jurecka and Brenig31 suggest that
hole binding vanishes at J / t�0.5. There is binding in the
S=1 channel for the t-J ladder, but it is considerably smaller
than in the S=0 channel.

Wherever the two-hole binding energy is positive, we ex-
pect a continuous band of two-hole bound states to appear
above the ground state; so that within the two-hole sector,
particle-hole excitations �excitons� can occur down to zero
energy. In other words, excitons with Sz=0 are gapless, as
found by Troyer et al.10 for the t-J ladder.

We note that the spin energy gap between the Sz=1 and
Sz=0 two-hole states also drops to zero at Jz / t=0.6. It always
remains below the Sz=1 magnon energy 3J /2; or in other
words, an exciton with Sz=1 in the two-hole sector has an
energy substantially below that of the magnon. Therefore the
spin gap drops discontinuously as one moves away from half
filling, which again agrees with the behavior found by Troyer
et al.10 for the t-J ladder.

The right panels of Fig. 10 show profiles of the electron
density in the two-hole state as a function of distance along
the ladder, calculated for a lattice of 34 rungs with open
boundary conditions. At low Jz / t, the two holes are unbound
and separated from each other, forming two distinct troughs
in the density profile �Fig. 10�. At Jz / t�0.6 a sharp cross-
over takes place, where the two holes bind together and form
a single trough in the density profile. As it happens, both

FIG. 9. The one-hole bandwidth W / t as a function of Jz / t, esti-
mated from the Ising series expansion.

FIG. 10. �Color online� Left: Two-hole binding energies as a
function of Jz / t, calculated with OBC and finite boundary poten-
tials. Filled circles: Sz=0: filled squares: Sz=1. Right: Average elec-
tron number per rung as a function of distance along the ladder, for
two-hole states on a lattice of 34 rungs: �a� Jz / t=0.5; �b� Jz / t=1.0.
The lines are fits using Eq. �32�.
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profiles can be fitted quite well with a Friedel oscillation
form

�nj� = c0 +
c1sin�2��n + 1/2�j/�L + 1��
��L + 1�sin��j/�L + 1���K�

, �32�

where n=2 and K�=0.87 in case �a� and n=1 and K�=0.92
in case �b�.

3. Four-hole states

The four-hole binding energy for Sz=0 is shown as a
function of Jz / t in Fig. 11. We have checked that it is finite at
large Jz / t, and vanishes smoothly at Jz / t�4. This is taken to
mark the point where phase separation occurs. The smooth
behavior of the binding energy may indicate a Kosterlitz-
Thouless transition at this point. The insets show examples
of the electron-density profiles as functions of distance along
the ladder for the four-hole ground state. For Jz / t=0.5, we
see four separated holes; for Jz / t=1.0, we see two separated
hole pairs; and for Jz / t=6.0, we see a single four-hole clus-
ter, reinforcing the picture given above. Note that the Friedel
form �32�� again fits the density profiles remarkably well,
upon choosing the appropriate value for n. The fits in the pair
binding region indicate that the parameter K� lies approxi-
mately in the range 0.8–1.0 near half filling.

Next, we attempt to measure the isothermal compressibil-
ity in the non-phase-separated region, whose inverse is

�−1 = n2N�E4 + E0 − 2E2�/4, �33�

where N=2L is the number of sites, and n= �N−2� /N the
electron density. Figure 12 shows �−1n−2 as a function of
1/N, for some couplings Jz / t	4, fitted by a quadratic poly-
nomial in 1/N. The extrapolations to the bulk limit N→�
are compatible with zero, indicating that the inverse com-
pressibility vanishes at half filling. This seems surprising at
first sight, but the same result applies for the 1D t-J chain at
the integrable point.49 Siller et al.22 also found a tiny result
for the inverse compressibility of the isotropic t-J ladder near
half filling. The result can be understood as follows. The
dispersion relation in the conduction band flattens out near

the band edge, and hence the dispersion relation of a single
hole at half filling is quadratic in momentum q, as illustrated
by the free fermion equation �11� or the calculation of
Sushkov26 for the t-J ladder. The dispersion relation for a
bound hole-pair bosonic excitation will likewise be quadratic
in q. The vanishing of any term linear in q implies that v�

→0 and Eq. �22� then leads to �−1n−2=0.

B. Quarter filling

Next we consider states at or near the quarter filling point
�n=1/2�. Reliable results are very hard to obtain for Jz / t
�3. Phase separation presumably occurs in this region, so
that the ground state becomes inhomogeneous, and very dif-
ficult to treat by DMRG methods. For the most part, our
results will be for smaller Jz / t.

1. Odd-even gap

Figure 13 shows the energy gap between states with odd
and even numbers of holes, �E�nh=L+1,Sz=−1/2�+E�nh

=L−1,Sz=−1/2�−2E�nh=L ,Sz=0�� /2, where nh is the num-
ber of holes, as a function of Jz / t. It can be seen that for Jz / t
less than about 1.3, this gap is small and positive, but for

FIG. 11. �Color online� Four-hole binding energy as a function
of Jz / t, calculated with OBC and finite boundary potentials. Insets:
Electron density profiles at characteristic values of Jz / t, together
with fits to the corresponding Friedel expression.

FIG. 12. �Color online� Four-hole binding energy as a function
of 1/N=1/ �2L�, at Jz / t=1, 2, and 3.

FIG. 13. �Color online� The odd-even gap �E�nh=L+1, Sz

=−1/2�+E�nh=L−1, Sz=−1/2�−2E�nh=L , Sz=0�� /2 at quarter
filling, as a function of Jz / t.
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larger Jz / t it is negative. This indicates the absence of any
pairing effect between holes in this region.

2. Spin gap

Figure 14 shows the spin gap �E�nh=L ,Sz=1�−E�nh

=L ,Sz=0�� as a function of Jz / t. The insert shows examples
of the finite-size scaling behavior of this quantity as a func-
tion of 1 /N, and the linear extrapolations made to the bulk
limit. It can be seen that the results are consistent with zero
over the whole region Jz / t�4. Convergence for Jz / t�2 is
not very good due to strong finite-size scaling effects �the
Jz / t=4 case was checked carefully to ensure that the com-
plex scaling is not an artifact of DMRG truncation�. Thus for
Jz / t�2.3, we appear to be in the C1S1 phase discussed by
Hayward and Poilblanc12 for the t-J ladder, where both the
charge gap and the spin gap vanish.

3. Two-hole gap

Figure 15 shows the two-hole energy gap �E�nh=L
+2,Sz=0�+E�nh=L−2,Sz=0�−2E�nh=L ,Sz=0�� as a func-
tion of 1 /N at selected values of Jz / t. For Jz / t�2.3, the gap
appears to scale to a finite value in the bulk limit N→�,
whereas the limit is consistent with zero from there on. Fig-
ure 16 shows the estimated bulk limit as a function of Jz / t.
The finite charge gap for Jz / t	2.3 corresponds to a cusp in
the energy density versus filling factor surface, and is evi-
dence of the formation of a CDW state at this commensurate
filling factor, according to White et al.23

We have looked for further evidence of the CDW state in
the electron-density profiles and correlation functions. The
density profile on an odd-rung lattice at quarter filling shows
some evidence of rung-to-rung oscillations, but they die
away as N→�, and so do not seem to correspond to the
CDW.

Examples of the density-density correlation functions are
shown in Fig. 17, with one site fixed at the middle of the
ladder, and the distance to the other site varying, including
both sites on the same leg and those on the opposite leg of
the ladder. There is a positive correlation for nearby sites,
and a Friedel rung-to-rung oscillation near the boundary. In
the intermediate region, there is no strong evidence of either

a rung-to-rung alternation or a checkerboard alternation. One
major qualitative difference is obvious, however, between
Figs. 17�a� and 17�c�. At Jz / t=2, the correlation function is
virtually zero at intermediate and large distances, as one
would expect of a solid phase: this is consistent with the
CDW behavior. For Jz / t=3, on the other hand, the correla-
tion function has a substantial dip at intermediate distances,
which actually increases with increasing lattice size. This
behavior is more reminiscent of a liquid or a gas.

V. DISCUSSION

As expected, the phase behavior of the t-Jz ladder at T
=0 appears to be broadly similar to its counterpart, the t-J
ladder. A schematic diagram is shown in Fig. 18. At half
filling, the system is equivalent to an Ising antiferromagnet,
with long-range magnetic order; but at any finite temperature
or hole density, the order parameter will vanish, leaving only
finite-range antiferromagnetic correlations.

Near half filling, phase separation into hole-rich and hole-
poor regions occurs beyond Jz / t�4.0, which is about half
the critical value for the t-Jz chain,32 but twice the critical

FIG. 15. �Color online� The two-hole gap �E�nh=L+2, Sz=0�
+E�nh=L−2, Sz=0�−2E�nh=L , Sz=0�� /2 at quarter filling, as a
function of 1/N=1/ �2L�, at selected values of Jz / t.

FIG. 16. �Color online� The estimated two-hole gap in the bulk
limit �E�nh+L+2, Sz=0�+E�nh=L−2, Sz=0�−2E�nh=L , Sz

=0�� /2 at quarter filling, as a function of Jz / t.

FIG. 14. �Color online� The spin gap �E�nh=L , Sz=1�−E�nh

=L , Sz=0�� at quarter filling, as a function of Jz / t.
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value for the full t-J ladder.10 Below that, there is a C1S0 or
Luther-Emery phase, where the holes bind into pairs and the
charge gap vanishes, but the spin gap remains finite. The spin
gap is discontinuous at half filling, because the exciton spin
gap is less than the magnon gap. These features are identical
with those found for the t-J model.10 We have not explored
the question whether there are superconducting correlations
in this region, but they are expected to be present if K�

�1/2.
The binding between hole pairs vanishes in the Sz=1

channel below Jz / t�1.8, and in the Sz=0 channel below
Jz / t�0.6. Below that, the holes repel each other, and we
presumably enter the C2S2 gapless phase discussed by
Müller and Rice14 for the t-J case �although exact diagonal-
ization data up to N=14 are somewhat equivocal as to

whether the Sz=1 states are degenerate�. These different re-
gimes are clearly evident in the hole density profiles on a
finite lattice.

In the Nagaoka limit as Jz / t→0, a finite-lattice calcula-
tion reveals rather different behavior in the two models in the
one-hole sector. In the t-J case, a state with maximal spin S
crosses over the S=1/2 state to become the ground state as
J / t→0. For the t-Jz system, on the other hand, the Sz=1/2
state remains the ground state at all Jz / t, and the Nagaoka
limit is approached smoothly. States with higher Sz become
degenerate with the Sz=1/2 state in the limit, to form a mul-
tiplet with maximum total spin S. Any ferromagnetic corre-
lations in the ground state appear to be transverse to the z
direction, as argued by White and Affleck.41 Our DMRG
results for the one-hole gap appear to decrease as �Jz / t�1/2,
rather than �Jz / t�2/3 as predicted by theory; the theory needs
re-examination for this case.

Some crude estimates of the effective Hamiltonian param-
eters in the Luther-Emery phase were made at half filling.
Friedel-type fits to the density profiles give K��0.8–1.0,
although it is not clear that the Schulz argument42 that K�

=1 at half filling is applicable to the t-Jz case. We found that
v�=0 in that limit, a general result which should apply to
chains and ladders for both models.

We have also made some studies of the quarter filled case.
For Jz / t�2.3, the system appears to be in a CDW state, with
a finite two-hole gap and solidlike density-density correlation
functions, although we could not discover any particular pat-
tern of charge-density waves. This behavior was predicted
for a commensurate filling factor by White, Affleck, and
Scalapino.23 We find that the spin gap vanishes in this phase,
and in fact is compatible with zero at all couplings. For
Jz / t�2.3, any pairing effects are weak or nonexistent, and
the system appears to be in a C1S1 Tomonaga-Luttinger
phase with a single gapless spin and single gapless charge

FIG. 17. The density-density correlation function as a function
of distance, with one site fixed at the middle of the ladder and the
other varying, at quarter filling. Triangles: L=22; squares: L=88.
�a� Jz / t=2.0; �b� Jz / t=2.6; �c� Jz / t=3.0.

FIG. 18. Schematic phase diagram for the t-Jz ladder.

WEISSE et al. PHYSICAL REVIEW B 73, 144508 �2006�

144508-10



mode, similar to that discussed for the t-J ladder at densities
at or below quarter filling by Hayward and Poilblanc.12 The
calculations become very unstable beyond Jz / t�3, and we
take this as indicating the onset of phase separation again at
larger Jz / t. At very small electron densities, an electron-
paired phase should exist. These findings are indicated sche-
matically in Fig. 18.
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