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We calculate the dynamical current and kinetic-energy correlation functions for the first Mott lobe of the
one-dimensional Bose-Hubbard model. We employ the strong-coupling expansion up to sixth order in x = t/U
and the dynamical density-matrix renormalization group method on rings with 64 sites. The correlation functions
are finite above the single-particle gap with a square-root onset, as also found from field theory close to the
Mott transition. The correlation functions display a featureless superposition of the primary and tertiary Hubbard
bands. We find very good agreement between all methods in the interaction and frequency regimes where they
are applicable.
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I. INTRODUCTION

Ultracold atomic systems in which the atoms are trapped
on an optical lattice offer a wide range of possibilities to prove
the applicability of theoretical studies [1]. New experimental
techniques such as the modulation of the amplitude and
the phase of the lattice potential provide a variety of new
possibilities, e.g., the modulation of the lattice potential can
be used to introduce artificial gauge fields into the system
[2,3]. Such a modulation derives an excitation of the system
described by the kinetic and current correlation functions.
Recently, the signature of a Higgs amplitude mode in the
two-dimensional superfluid in the vicinity of a quantum phase
transition to a Mott insulator has been predicted by field
theory combined with quantum Monte Carlo simulations,
showing a resonance-like feature in dynamical spectra [4].
Albeit this increasing attention, theoretical studies for these
dynamical correlation functions in the bosonic systems are
rare even in one dimension. Kühner et al. computed the
optical conductivities in the one-dimensional Bose-Hubbard
model by using the density-matrix renormalization group
(DMRG) method [4]. The dynamical response due to the
lattice modulation were also simulated by applying the timedependent DMRG [5].
In this work we address the one-dimensional Bose-Hubbard
model in the insulating phase when the number N of bosons
equals the number of lattice sites L. The model describes a
system of neutral spinless atoms trapped in an optical lattice
with deep lattice potentials. The Bose-Hubbard Hamiltonian
is defined by
Ĥ = −t T̂ + U D̂,
T̂ =

L


†

†

( b̂j b̂j +1 + b̂j +1 b̂j ),

(1)

j =1

periodic boundary conditions (PBCs) apply. Throughout this
work, we denote the ratio of the hopping amplitude t and the
local interaction strength U by x = t/U .
At integer filling, ρ = N/L = 1, the Bose-Hubbard model
describes a phase transition from the Mott insulating phase to
the superfluid phase at a critical interaction ratio, xc ≈ 0.305
[6]. The phase transition lies in the XY universality class and is
of Kosterlitz-Thouless type, which results in an exponentially
small band gap near the transition. In this work we restrict
ourselves to the first Mott lobe: x < xc .
The response of the bosons to weak phase and amplitude
modulations of the lattice potential is described by the correlation functions for the current operator and the kinetic-energy
operator; for a detailed discussion of the connection between
measurable quantities like the energy absorption rate and
correlation functions in terms of a linear response theory, see
Refs. [7–9]. We define the correlation function of an operator
Â as the imaginary part of the corresponding retarded Green
function, which is given in frequency space by


1

SA (ω  0) = − lim+ Im Gret
A (ω + iη)
η→0
π
1
=
|n |Â|0 |2 δ(ω − (En − E0 )).
L n

Here, |0  is the ground state of Ĥ with energy E0 , and |n 
are eigenstates of Ĥ with energy En . Note that the correlation
functions are positive, 
SA (ω)  0. Moreover, the sum rule
 ∞
1
dω
SA (ω) = 0 |Â2 |0 
(3)
L
0
shows that 
SA (ω → ∞) → 0.
In this work, we focus on the correlation function for the
kinetic energy, 
ST (ω) with T̂ from Eq. (1), and define

ST (ω) = w0T δ(ω) + ST (ω),

1
D̂ =
n̂j (n̂j − 1).
2 j =1
L

†

†

Here, b̂j , b̂j , and n̂j = b̂j b̂j are the boson creation, annihilation, and particle number operators on site j , respectively, and
1050-2947/2014/89(6)/063623(7)

(2)

(4)

where we extracted the δ peak at ω = 0. Moreover, we address
SJ (ω) with the current operator
 †
†
Jˆ = i
(bj +1 bj − bj bj +1 ).
(5)
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Note that SJ is related to the real part of the optical conductivity
at zero momentum as [10]
ω
(6)
SJ (ω > 0) = Re[σ (q = 0,ω)].
π
Since we focus on the insulating phase, we know that w0J = 0
so that 
SJ (ω) = SJ (ω).
Our work is organized as follows: In Sec. II we briefly discuss the dynamical DMRG (DDMRG) method and the strongcoupling expansion and give the field-theory expression for the
current correlation function. In Sec. III we discuss the results
for the current and kinetic-energy correlation functions in the
Mott phase. Conclusions and outlook, Sec. IV, close our presentation. Some technical aspects are deferred to the Appendix.
II. METHODS

We evaluate the correlation functions with the numerical
DDMRG method and the analytical strong-coupling expansion (SC). We used these methods previously [11–13] for
the evaluation of single-particle and two-particle response
functions such as the density correlation function Sn (k,ω).
In Refs. [11,13], a detailed explanation of the methods can
be found. In this section, we briefly summarize the most
important aspects of both methods. For comparison, we also
give the field-theoretical expression for the current correlation
function. For an early application of the DMRG correction
vector method [14] to the one-dimensional (extended) BoseHubbard model; see Ref. [4].

Thus, one needs to find an appropriate η(L) empirically. In
order to avoid artificial peaks, in this paper we fix η = 0.8t for
L = 64.
B. Spectral broadening and deconvolution

The DDMRG method works with complex frequencies, i.e.,
instead of the real frequency ω, the calculations are done with a
finite shift η into the complex plane: ω → ω + iη. The shift to
the complex plane introduces a Lorentzian spectral broadening
of the correlation function, i.e., the DDMRG actually provides

η
1 ∞
η
SA (ω) =
SA (
ω)d
ω
(9)
π −∞ (ω − 
ω )2 + η 2
at equally spaced frequencies ωi with high numerical accuracy.
The size of the intervals ω = |ωi+1 − ωi | is smaller than, but
of the order of η. Then, without loss of accuracy, the integration
over ω in Eq. (9) can be represented by a matrix multiplication,
1
η
η
S (ω ),
SA (ωi ) =
2
2 A j
π
(ω
−
ω
i
j) + η
j
η

SA = Lη · SA .

The derivation of the vector SA for the correlation function at
η
the frequencies ωi from the corresponding DDMRG vector SA
(“deconvolution”) poses an ill-conditioned inverse problem.
There is a number of deconvolution techniques for Lorentzbroadened spectra. It was shown in Refs. [18–20] that the
matrix inversion of Eq. (10) provides a simple and reliable
way to deconvolve spectral functions,
SA = (Lη )−1 · SA .
η

A. Dynamical density-matrix renormalization group

In order to simulate the Bose-Hubbard type models using
the (D)DMRG technique [15–17], the maximum number nb
of bosons per site should be limited, while each lattice site can
be occupied, in principle, by infinitely many bosons. Nevertheless, the (D)DMRG results are unbiased and numerically
exact as long as the dependence on nb can be verified to be
negligible. In the DDMRG scheme it makes a considerable
difference from the correction vector method [14] to minimize
the functional [16]
WA,η (ω,ψ) = ψ|(E0 + ω − Ĥ )2 + η2 |ψ
+ ηA|ψ + ηψ|A,

(7)

where |A = Â|ψ0 . Then the imaginary part of the Green
function can be evaluated as
WA,η (ω,ψmin ) = −π η Im Gret
A (ω + iη).

(10)

As seen from Eq. (2), the correlation functions are positive,
SA (ω)  0. However, the deconvolution scheme (11) cannot
guarantee this so that the deconvolved correlation functions
might be negative in some regions. The width and depth of
the regions with negative values of the correlation functions
can be taken as a sign of the error introduced by the deconvolution technique and the finite-size and finite-η limitations
in the DDMRG method. Of course, the deviations are most
prominent when the correlation functions tend to zero or show
narrow extrema. In the first Mott lobe of the Bose-Hubbard
model, the width of the peaks is large enough to deconvolve
the data by using η = 0.8t and L = 64. Then, only very close
to ω  (with particle gap ) do the spectra show negative
values, as we see in the following.

(8)

Within this DDMRG scheme we repeat the sweeps in the
finite-system algorithm until the functional WA,η (ω,ψ) takes
its minimal values.
Calculating the dynamical current [A = J in Eqs. (7)
and (8)] and kinetic-energy [A = T ] correlation functions
in the first Mott lobe of the Bose-Hubbard model, we keep
m = 800 states to determine the ground state during the first
five DMRG sweeps, and then use m = 400 states for the
evaluation of the dynamical properties. For a precise analysis
of the dynamical properties we consider a finite system with
broadening width η as small as possible. In doing so artificial
peaks can appear if η is too small for fixed system size L.

(11)

C. Strong-coupling expansion

In the strong-coupling expansion we use a Harris-Lange
transformation [21,22] to obtain an effective Hamilton operator ĥ that does not mix states from different subspaces of the
operator for potential energy U D̂. Within this approach, the
transformation operator Ŝ as well as the effective Hamilton
operator ĥ are expanded in x:
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ĥ = eŜ Ĥ e−Ŝ = U D̂ + t

∞


x r ĥr ,

r=0

Ŝ = −Ŝ † =

∞

r=1

x r Ŝr .

(12)
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In mth order SC perturbation theory, the operators ĥr and Ŝr
are constructed iteratively whereby we enforce [ ĥr ,D̂]− = 0
for 0  r  m. This requires that we keep the operators up
Ŝm , ĥm−1 in the Taylor series for Ŝ and ĥ.
The (nondegenerate) ground state |0  for finite x is obtained from the (nondegenerate) ground state | 0  for x = 0 as
|0  = exp(−Ŝ)|

0 .

(13)

Note that the ground state for t = 0 is very simple because
for N = L every site is singly occupied by a boson, | 0  =
 +
j b̂j |vac. Within SC perturbation theory, the evaluation of
a ground state expectation values of an operator Â reduces to
0 |Â|0  = 

0 |Ã|

0 ,

Ã = exp(Ŝ)Â exp(−Ŝ).

(14)

To lowest order, it is readily deduced from Eq. (13) that the
operator Ŝ1 generates states in | 0  with one doubly occupied
site and a neighboring hole. In general, the states from the
subspace H1 ⊂ H give rise to the primary Hubbard band in the
dynamical correlation functions around ω ≈ U . In higher orders in Eq. (13), states from H2 and H3 appear in |0  that give
rise to the secondary and tertiary Hubbard bands. Therefore,
as long as x is small and the spectral splitting of the Hilbert
space is large, the dynamical correlation functions display
contributions from energetically separated Hubbard bands.
Due to sum rules and the fact that the correlation functions are
non-negative, most of the spectral weight is concentrated in
the primary Hubbard band. Within SC perturbation theory, the
contributions from the higher Hubbard bands is fairly small.
For the primary Hubbard band in the mth-order approximation, we have to consider one double occupancy and one hole
on a ring. When their relative distance is larger than m lattice sites, they do not interact with each other. For this
reason, the SC problem reduces to the analytical solution of a
two-particle problem with a finite-range interaction [11]. Most
importantly, the interaction leads to a backscattering of the hole
from the double occupancy so that an effective single-particle
problem results where the hole moves on a chain with open
boundary conditions.
For higher-order corrections the analytical expressions
for the weights and the Hamilton operator are employed
for the succeeding numerical evaluation of the correlation
functions. If the states describe a single quasiparticle, Cauchy’s
integral formula can be used to compute the results for an
infinite system [11,13] without spectral broadening, η = 0+ .
The contributions originating from states with two or more
quasiparticles can be obtained by a simple diagonalization of
the Hamilton operator for systems large enough to set η ≈ 0.
However, since this perturbation theory is based on the spectral
separation of the Hilbert space, it breaks down when the gap
becomes exponentially small close to the Kosterlitz-Thoulesstype Mott transition at xc ≈ 0.305. Therefore, its applicability
is limited to x  0.10, as we shall see below.
D. Results from field theory
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by E(P ) = ±[P 2 + ( /2)2 ]1/2 where is the (exponentially
small) single-particle gap. If only one holon and antiholon is
taken into account and a marginal interaction between them is
assumed, the two-particle contribution to the current-current
correlation function is given by [23–25] (ν = ω/ )
√
2 ν2 − 1
(ν − 1)
SJ,h,h (ω) = C2 ( )
π
π
ν
  ∞
dx 1 − cos (xθ/π) cosh x
,
× exp −
x exp (x/2) cosh (x/2) sinh x
0
(15)
where θ = 2arccosh(ν). Formula (15) is exact in the interval
 ω  2 . For ω > 2 there are corrections to (15), which
are due to multiholon and antiholon states and have a more
complicated structure but can be shown to be important only
at energies ω
[25], where the field-theory approach
becomes invalid anyway.
The more general case with a relevant holon-antiholon interaction, parametrized by 1/2 < β 2 = K/2 < 1, is discussed
in detail in Ref. [8]; here, the parameter K in a Luttinger-model
description or the parameter β 2 in the sine-Gordon model
characterize the strength of the holon-antiholon interaction. As
we shall see below, our DDMRG is not sufficient to determine
the value β 2 for the first Mott lobe accurately but we shall
see that the assumption β 2 = 1 as used in Eq. (15) provides a
reasonable description of the DDMRG data for the frequency
dependence of the current-current correlation function close
to the gap (see below).
The current correlation function is finite only beyond the
single-particle gap with a square-root onset at ω = . It shows
a maximum at ω ≈ 1.24 and a power-law decay at large
frequencies. The normalization C2 ( ) cannot be calculated
analytically. To estimate the normalization C2 ( ), we use the
sum rule for the conductivity,
 ∞
1
dω
Re[σ (ω)] = − 0 |T̂ |0 .
(16)
π
2L
0
This quantity can be determined accurately by using the
ground-state DMRG. For example, for x = 0.20 we find
[ = 0.436t, − 0 |T̂ |0 /(2L) = 1.418t] and for x = 0.15
we find [ = 1.63t,−0 |T̂ |0 /(2L) = 1.133t].
Close to the Mott transition, most of the optical weight is
concentrated at low energy ω ∼ . Therefore, in the fieldtheory limit, the left-hand side of Eq. (16) can be determined
from Eq. (15) because the omitted terms have a negligible
contribution at low energy. This comparison provides C2 ( )
for given x,
C2 ( ) = −

0 |T̂ |0  π
,
2L
F

(17)

with
2
F =
π

Close to the Mott transition, the Bose-Hubbard model can
be described by the sine-Gordon model where the dispersion
of holons (h) and antiholons (h) with momentum P is given
063623-3



∞

y2 − 1
y2

dy
1

 
× exp −

∞
0

≈ 1.70,

dx 1 − cos(2xarccosh(y)/π ) cosh x
x
exp(x/2) cosh(x/2) sinh x
(18)
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To leading order in the SC expansion, the doubly occupied
site and the hole only experience their hard-core repulsion.
Otherwise, they move freely with hoping amplitudes th = t for
the hole and td = −2t for the double occupancy. Consequently,
both the current correlation function and the kinetic-energy
correlation function are given by a semi-ellipse,
1−

1
x = 0.01

A. Strong-coupling result to leading order

4
3π

0.4

0.3

III. CORRELATION FUNCTIONS

(0)
SJ,T
(ω) =

x = 0.08
DDMRG
SC

0.4

SJ(ω)

with accuracy ±0.01. Therefore, for x = 0.20, we have C2 =
6.01 and, for x = 0.15, we find C2 = 1.28.
The result from field theory is applicable in the region
where the gap is (exponentially) small. Therefore, it is
complementary to the DDMRG with its energy resolution
η ≈ 12W/L where W = 4t is the bare bandwidth. We note
that the formula (15) works surprisingly well for the fermionic
Hubbard model even when the gap is not exponentially
small but of the order of t [26,27]. Therefore, we compare
our DDMRG results for the current correlation function for
x = 0.20 and x = 0.15 to those from field theory in Sec. III B.

2

B. Current correlation function

In Fig. 1 we show the deconvolved DDMRG data and the
results from sixth-order SC theory for the current correlation
function for x = 0.05, 0.08, 0.10, and 0.12. For x = 0.05,
the correlation function is almost an undisturbed semi-ellipse;
see Eq. (19). Upon decreasing the interaction, the width of the
primary Hubbard band increases, and spectral weight is shifted
towards the lower band edge so that the current correlation
function becomes asymmetric. As seen from the figure, both
DDMRG and SC agree perfectly with each other up to x =
t/U = 0.08. As discussed in Sec. II B, the slightly negative
DDMRG data for the current correlation function close to the
band edges are an artifact of the deconvolution scheme.
For smaller interactions, x  0.10, the current correlation
function steeply rises to its maximum value as a function of
frequency and falls off monotonically beyond the maximum.
The agreement of DDMRG and SC is satisfactory only at
first glance because some wiggles appear in the SC results
that are absent in the DDMRG data. The wiggles are more
pronounced for x = 0.12 than for x = 0.10. The reason
why these unphysical wiggles appear in SC is discussed in
Appendix B.
For x = 0.12, the tertiary Hubbard band can be seen in the
DDMRG data. In the SC theory this band emerges from states

0.4

0.3

0.3

0.2

0.2

0.1

0.1

0
0

, (19)

where (x) denotes the Heaviside step function (see also
Refs. [6,7,11]). The result is qualitatively the same for the
fermionic Hubbard model [26,27], where tdF = −t.
The correlation function is finite only above the singleparticle gap, ≈ U − 6t for x → 0. Moreover, the correlation
function displays a square-root onset, as seen in field theory.
Therefore, the square-root onset above the single-particle gap
apparently is a generic feature of the correlation functions in
the Mott-insulating phase.

0.4

0.5

1
ω/U

1.5

2

0
0

0
2.75

1

2
ω/U

4

3

4

FIG. 1. (Color online) Current correlation function for interactions x = t/U = 0.05, 0.08, 0.1, 0.12 from top left to bottom right.
The deconvolved DDMRG data (circles) were obtained for L = 64,
PBCs, and η = 0.8t. The black solid lines give the result of the SC
theory of the primary Hubbard band. The red solid lines give the result
of the SC theory for the tertiary Hubbard band. A magnification of
the tertiary Hubbard band is shown in the inset.

with a triple occupancy and two holes whose contributions to
|J˜| 0 |2 are of the order O(x 4 ). For x = 0.12 the weight of
the primary, secondary, and tertiary Hubbard bands is given
by 3.04, 1.5×10−3 , and 0.01, respectively. Here, the weight of
the primary Hubbard band has been approximated by a sixthorder expansion, while a third- and fourth-order expansion
has been used for the secondary and tertiary Hubbard band,
respectively. The secondary Hubbard band is described by two
double occupancies and two holes but is not visible because
its weight is only of the order O(x 6 ); see Appendix A.
To leading order, the total weight of the correlation
∞
functions is given by 0 ST(0),J (ω)dω = 4. For x > 0, the total
spectral weight can be determined by the static DMRG method
with great precision so that it can be used as a test for the
accuracy of the SC expansion. The results for the total weight
from DMRG and SC deviate by less than 3×10−3 up to
x  0.12. For higher values of x, the SC theory seems to
overestimate the weight.
For interaction parameters x = 0.15 and x = 0.20, only
the DDMRG can provide reliable results. In Fig. 2 we plot
η
the Lorentz-broadened current correlation function SJ (ω) for
η = 0.8t and compare it to the predictions from field theory.
Even up to half the width of the primary Hubbard band, the
field-theory curve agrees with the DDMRG data, despite the
fact that the gap is quite sizable for x = 0.15. For x = 0.20, the
agreement appears to be worse than for x = 0.15. At x = 0.20,
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FIG. 2. (Color online) DDRMG data (squares) for L = 64,
PBCs, and η = 0.8t for (left panel) x = 0.15 and (right panel) x = 0.2.
The solid black line gives the Lorentz-broadened field-theoretical
results. The deconvolved DDMRG data (circles) and the field-theory
results are shown in the inset for x = 0.15.

however, the DDMRG has difficulties to resolve the quite
sharp maximum close to the onset of the correlation function.
Here, larger system sizes and, correspondingly, smaller values
for η would improve the agreement. Therefore, we show
exemplarily a comparison of the deconvolved DDMRG data
with the field-theory results in the inset of Fig. 2 for x = 0.15
and omit a further deconvolution of the DDMRG data in this
parameter regime.
C. Kinetic correlation function

Before we discuss ST (ω > 0), we briefly comment on the
weight at ω = 0. Within the SC expansion to sixth order, it is
given by
w0T = 8x − 16x 3 +

529 5
x + O(x 7 ).
3

0
0

30

(20)

Apparently, the series converges rapidly even for x = 0.2.
In general, the SC expansion reproduces the total weight of
the kinetic-energy correlation function with an accuracy of
3.7×10−2 for x  0.12. As for the current correlation function,
the SC expansion seems to overestimate the weight for higher
values of x.
In Fig. 3 we show the kinetic-energy correlation function
for the values x = 0.05, 0.08, 0.1, and 0.12. For x  0.08
the agreement of SC and DDMRG is very good. For x = 0.1
and 0.12, the sixth-order SC theory starts to develop wiggles
as in the case of the current correlation functions, which are
not seen in the DDMRG data. Therefore, the SC expansion
cannot be used beyond x = 0.10. As the current correlation
function, the kinetic-energy correlation function is finite above
the single-particle gap with a square-root onset. In contrast to
the current correlation function, the primary Hubbard band
for ST appears to remain symmetrical so that its maximum
appears in the middle of the band for all interaction strengths.
The total weight of the secondary and tertiary Hubbard
bands are of the order O(x 6 ) and O(x 2 ). For x = 0.12,
the weight of the primary, secondary, and tertiary Hubbard
bands is given by 3.3, 3.3×10−3 , and 0.076, respectively. The
operator T̂ is symmetric under spatial inversion, so that states
in which the holes are symmetrically placed to the left and the
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FIG. 3. (Color online) Kinetic-energy correlation function for
interactions x = 0.05,0.08,0.1,0.12 (from top left to bottom right).
The deconvolved DDMRG data (circles) were obtained for L = 64,
PBCs, and η = 0.8t. Black solid lines gives the result of the SC theory
of the primary Hubbard band. Red solid line gives the result of the SC
theory for the tertiary Hubbard band. A magnification of the tertiary
Hubbard band is shown in the insets.

right of the triple occupancy also occur in T̃ | 0 . They are
the leading-order contributions to the tertiary Hubbard band.
Therefore, the tertiary Hubbard band is more prominent in ST
than in SJ where the spatial antisymmetry eliminates these
states; see Appendix A.
In Fig. 3, we also compare the DDMRG data with SC
results for the tertiary Hubbard band. Note, however, that the
calculations are quite cumbersome so that we used the weights
of the tertiary Hubbard band up to fourth order and considered
the action of the effective Hamiltonian on H3 in second
order only. This means that we work with Ŝ4 and ĥ1 . Given
these simplifications, we obtain the SC results for the tertiary
Hubbard band from an exact diagonalization of a system of
L = 128 lattice sites and a very small spectral broadening of
η = 0.08. Despite these limitations, our restricted SC approach
quite accurately describes the asymmetrical shape of the
tertiary Hubbard band.
The third Hubbard band shows some interesting features.
For example, an attractive force acts between the two particles
if they are placed next to each other. Moreover, the alignment
of a hole next to the triple occupancy leads to a decrease in
the potential energy. These effects induce sizable correlations
between the holes and the triple occupancy which influences
the shape of the correlation function.
For interaction parameters x = 0.15 and x = 0.20, only
the DDMRG can provide reliable results. In Fig. 4 we plot
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FIG. 4. (Color online) DDRMG data (squares) were obtained for
L = 64, PBCs, and η = 0.8t for (left panel) x = 0.15 and (right
panel) x = 0.2.

the Lorentz-broadened kinetic-energy correlation function for
η = 0.8t. The weight of the primary Hubbard band shrinks
when we approach the transition whereas the tertiary Hubbard
band gains more weight as a function of x. Therefore, the
tertiary Hubbard band becomes clearly visible for x = 0.20.

doubly occupied site and hole are not significant enough to
overcome their hard-core repulsion. Therefore, it requires a finite nearest-neighbor interaction to generate an excitonic state
[4,26,27]. The situation could change in the two-dimensional
Bose-Hubbard model. In recent quantum Monte Carlo studies
and field-theoretical studies [28], the existence of a peak in the
optical conductivity has been alluded to in the critical region
above but close to the Mott transition, xc2d − x < 1.15xc2d . This
peak is a signature of the Higgs boson in the two-dimensional
superfluid which should persist as a resonance in the Mott
phase.
Albeit the SC expansion is better behaved in two than in
one dimension [29], it is not clear at this point whether the expansion can be carried out far enough to include such features.
The SC diagrams show that higher orders in the expansion
generate an attractive interaction between the quasiparticles
in the primary and tertiary Hubbard band. However, it is
unclear whether these interactions are sufficient to generate
a resonance structure close to the transition. Moreover, the
diagrammatic expansion is considerably more cumbersome in
two dimensions than in one dimension. Therefore, a SC study
of the two-dimensional Bose-Hubbard model remains an open
problem.

IV. CONCLUSION AND OUTLOOK
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can be used up to x  0.20. For x  0.20 it becomes difficult to
resolve the sharp maximum in the current correlation functions
at frequency ω ≈ 1.3 , where
is the single-particle gap.
In any case, the exponentially small gap close to the Mott
transition at xc ≈ 0.305 cannot be resolved by (D)DMRG for
x  0.25.
The correlation functions are dominated by the primary
Hubbard band around ω ≈ U . The primary Hubbard band
starts at the single-particle gap
√ with a characteristic squareroot onset SJ,T (ω → ) ∝ ω − . This is seen in SC
perturbation theory and in the deconvolved DDMRG data. It is
confirmed for the current correlation function by field theory
which is applicable close to the Mott transition. Apart from
a maximum at low frequencies, the primary Hubbard band of
the current correlation function is featureless. The primary
Hubbard band of the kinetic-energy correlation function
appears to be symmetric with a single maximum at the band
center. For both correlation functions, the secondary Hubbard
band is very small but the tertiary Hubbard band around
ω = 3U becomes visible for x  0.10. The asymmetric shape
is understood from SC theory which includes correlations
between the quasiparticles.
For the primary Hubbard band in the one-dimensional
Bose-Hubbard model, the attractive correlations between
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APPENDIX A: DIAGRAMMATIC ANALYSIS

The Taylor expansion for ĥ in Eq. (12) gives rise to
so-called process chains [29–31]. They represent sequences
that involve alternately the kinetic-energy operator T̂ and
projection operators P̂D onto subspaces HD . For example, the
leading-order approximations of the transformation operator
Ŝ and the effective Hamilton operator ĥ can be written as

P̂D T̂ P̂D ,
(A1)
U D̂ + t ĥ0 = U D̂ + t
D

Ŝ1 =

 P̂D T̂ P̂D
1
2
.
D
−
D
1
2
D ,D
1

(A2)

2

This example shows that each process chain must be weighted
according to the number of double occupancies that occur in
intermediate steps.
The application of the Baker-Campbell-Hausdorff formula
to Eqs. (12) shows that ĥ and Ŝ can be written in terms
of nested Lie brackets. In this way, only connected hopping
processes must be considered in the action of these operators
onto some state. This simplification leads to an intuitive
understanding of why the secondary Hubbard band has
vanishingly small intensity. Its starting state consists of two
double occupancies and two holes. The leading-order contribution for the secondary Hubbard band can be depicted as

,

,

.

The actual computation of these diagrams requires the
evaluation of all possible hopping processes generated by an
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arbitrary time ordering of its constituents. One hopping process
originates from the operator T̂ or Jˆ itself while the other
processes result from Ŝ3 so that these states are O(x 3 ). Note
that the antisymmetry of Jˆ with respect to spatial inversion
leads to a cancellation of the last two diagrams.

PHYSICAL REVIEW A 89, 063623 (2014)

In the primary Hubbard band, a particle hole-pair is created
in which the hole is placed n lattice sites to the right or
left of the double occupancy (state |±n). In the lowestorder approximation, the hole cannot jump over the double

occupancy, so that it moves on an open chain on the remaining
L − 1 sites. The correlation functions are a weighted sum of
Green functions of the form Gij (ω) = i|δ(ω − ( ĥ − E0 ))|j .
For x  0.1, the SC expansion shows some wiggles which
can be understood as follows: In general, the Greens functions
Gjj or G1j of a particle in an open chain subject to nearestneighbor hopping with lattice-site index j will have j extrema.
The parts of the state J˜| 0  that describe particle-hole pairs
which are separated by j lattice sites thus lead to contributions
in SJ (ω) which have j maxima. The wiggles naturally appear
when the expansion parameter x is chosen too large so that
the weight of these contributions is overestimated and not yet
corrected by contributions to higher orders.
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