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We perform a ﬁrst-principle analysis of Coulomb crystallization in neutral two-component mass asymmetric
plasmas by large-scale path integral Monte Carlo simulations for a dense hydrogen plasma in a broad density
range. We observe two large jumps in the relative distance ﬂuctuations of protons that are connected with
qualitative changes in the behavior of the proton pair distribution function and are attributed to the formation of
a spatially ordered state. A third smaller jump inside the ordered phase indicates a structural transition.
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1 Introduction
In a recent letter [1] we proved that in a two-component (electron and proton) dense hydrogen plasma at sufﬁciently low temperatures and high densities the protons will spontaneously order by forming a Coulomb crystal
embedded in a highly degenerate electron gas (for an overview on Coulomb crystallization see e.g. [2]). A simpliﬁed description of this system is given by the one-component plasma (OCP) model consisting of positive charges
(protons for example) in an uniform (rigid) neutralizing background of electrons. For the classical OCP extensive
studies, based on molecular dynamics and analytical approaches, have revealed the following regimes: a proton
gas (plasma) state for coupling parameter (CP) less than one; a proton liquid state or proton glass state if CP
exceeds one; and ﬁnally, for still larger CP (≥ 175 in three dimensions), a proton crystal state, for a review see e.
g. [3]. Thermodynamically, the glassy state is metastable.
In order to localize structural transitions between different states of matter various criteria have been used in
the literature, thereof many based on the analysis of the pair distribution functions (PDF). For example a jump
of the height of the ﬁrst PDF peak was observed at freezing in a macroscopic 2D OCP, see [4] and references
therein. Unfortunately, in simulations with a limited particle number—as unavoidable in quantum MC simulation
of fermions—the height and shape of the peaks in the PDF are sensitive to the size of Monte Carlo cell and
the number of particles in it. Additional difﬁculties arise from the possible existence of metastable states. To
overcome these difﬁculties we follow the idea of Lindemann [5] and analyze the ﬂuctuations of nearest neighbor
distances of the system for different states of matter. According to Lindemann [5] an increased amplitude of
the vibrations of the particles around their equilibrium positions is the physical reason for the melting of the
crystal. If the vibrational amplitude becomes so large that particles start to invade the space of their
√ nearest
neighbors the melting process sets in. At the melting point the root mean square vibration amplitude < u2 >
exceeds a threshold value of about 10% − 28% of the nearest neighbor distance r̄, depending on the type of pair
interaction, dimensionality and spin statistics [2]. In general, phase transitions between different states of matter
and structural transitions within the solid phase are indicated by sharp jumps in the relative distance ﬂuctuations
between neighboring particles. Therefore, in this paper we will analyze such jumps in order to localize structural
transitions in a dense two-component hydrogen plasma.
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As mentioned before, charge crystallization was conﬁrmed for OCP models with Coulomb and Yukawa interactions [6, 7] by early two-component path integral Monte Carlo (PIMC) simulations [8]. In Ref. [1] the general
conditions for the stability of such an ionic crystal in neutral two-component Coulomb systems were derived starting from a one-component plasma (OCP) model and, in particular, the critical mass ratio M (between the heavy
positive and light negative charges) for Coulomb crystallization was found to be around 80 in three dimensions;
see also Ref. [9]. In this contribution we discuss the phase diagram of a neutral two-component mass asymmetric
plasma without the assumption of a rigid background. To this end we perform extensive direct PIMC simulations
of a macroscopic spatially homogeneous fully ionized two-component electron-proton plasma in thermodynamic
equilibrium and determine the temperature and density range of proton crystallization from ﬁrst principles. Our
results are of importance for the fundamental understanding of nonideal plasmas [10–12], with direct relevance
for dwarf stars, laser-cooled expanding plasmas, and laser plasmas [13].

2 Model and Method
We consider a neutral two-component Coulomb system consisting of Ne = Np = N electrons and protons
in equilibrium. Its Hamiltonian, Ĥ = K̂ + Û , contains kinetic (K̂) and Coulomb interaction energy (Û =
Ûpp + Ûee + Ûep ) parts. Within a canonical ensemble, the thermodynamic properties of the system are fully
described by the density operator ρ̂ = e−β Ĥ /Z with the partition function Z, at ﬁxed volume V and inverse
temperature β = 1/kB T , given by

1
Z(Ne , Np , V ; β) =
dq ρ(q, σ; β),
(1)
Ne !Np ! σ
V

where ρ(q, σ; β) denotes the diagonal matrix elements of the density operator for total spin value σ. In Eq. (1),
q = {qe , qp } and σ = {σe , σp } denote the spatial coordinates and spin degrees of freedom of electrons and
protons, i.e. qa = {q1,a . . . ql,a . . . qNa ,a } and σa = {σ1,a . . . σl,a . . . σNa ,a }, with a = e, p. Of course, the exact
density matrix of such an interacting quantum systems is not accessible, in particular not for low temperatures
and high densities. It can be approximately constructed, however, using a path integral approach [14–17] based
on the operator identity e−β Ĥ = e−Δβ Ĥ e−Δβ Ĥ . . . e−Δβ Ĥ , where Δβ = β/(n + 1). It allows us to rewrite the
integral in Eq. (1) as


(0)
(0)
dq ρ(q , σ; β) =
dq (0) . . . dq (n) ρ(1) · ρ(2) . . . ρ(n)
σ

×


σ

Pe

Pp


(−1)κPe +κPp S(σ, P̂e P̂p σa ) × P̂e P̂p ρ(n+1) q(n+1) =q(0) ,σ =σ .

(2)

Here the spin gives rise to the spin part of the density matrix (S) which accounts for exchange effects due to the
permutation operators P̂e and P̂p acting on the electron and proton coordinates q (n+1) and spin projections σ  , respectively. In Eq. (2), the sum is over all permutations with parity κPe and κPp . The index k = 1 . . . (n+1) labels


the off-diagonal high-temperature density matrices ρ(k) ≡ ρ q (k−1) , q (k) ; Δβ = q (k−1) |e−Δβ Ĥ |q (k) . Accordingly each particle is represented by a set of (n + 1) coordinates (beads), i.e. the whole particle conﬁguration
(0)
(n+1) (0)
(n+1) (0)
(n+1)
is represented by a 3(Ne +Np )(n+1)–dimensional vector q̃ ≡ {q1,e , . . . q1,e , qNe ,e . . . qNe ,e ; q1,p . . . qNp ,p }.
The approximation for the high-temperature density matrices involves effective quantum pair Kelbg potentials
for the interaction between beads with the same indices (for details see [9, 15, 16]).

3 Numerical results and discussion
For the actual three-dimensional PIMC simulations of the dense hydrogen plasma we treat two hundred particles
(each represented by twenty beads) in the MC cell and apply periodic boundary conditions. In what follows we
use atomic units, i.e. lengths are measured in units of the Bohr radius aB and the density is given in units of the
Brueckner parameter rs = r̄/aB , where r̄ is the average interparticle distance. Fig. 1 shows snapshots of the
PIMC simulations of a fully ionized ion-electron plasma with different mass ratios. We observe an decreasing
www.cpp-journal.org
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extension of the positive charge wave functions with increasing mass ratio M , which is responsible for quantum
melting of the Wigner ion crystal if M falls blow the critical value (left panel). Note that for both shown cases,
M = 50 and M = 800, the electrons are in a degenerate Fermi gas state.

Fig. 1 Snapshots of the PIMC simulations of a fully ionized electron-ion plasma with mass ratio M = 50 (left) and M = 800
(right) at the same density and temperature indicating the mass-dependent quantum melting of the ion crystal. The ions are
shown by red and pink clouds of dots corresponding to spin up and spin down ions, respectively. Likewise electrons are
represented by clouds of yellow and blue dots.

As emphasized in the introduction, for a quantitative analysis of structural transitions
in a dense hydrogen
√
2
plasma one has to determine the relative distance ﬂuctuations of protons (RD-PP) < u >/r̄. To get deeper
physical insight into the behavior of the RD-PP, we consider the proton–proton pair distribution function (PPPDF) deﬁned as

Ne !Np ! 
gab (|r1,a − r1,b |) =
dq δ(r1,a − q1,a ) δ(r2,b − q2,b ) ρ(q, σ; β) .
(3)
Z
σ
V

Fig. 2 Left panel: Relative proton-proton distance ﬂuctuations for three temperatures. Sharp jumps signal structural transitions. For T = 20 000 K: left jump – from a degenerate disordered phase of protons (rs ≈ 0.18 ) to an ordered phase
(rs ≈ 0.2); middle jump – structural transition inside the ordered phase (rs ≈ 0.225...0.23); right jump – from a proton ordered phase (rs ≈ 0.52) to a disordered phase (rs ≈ 0.53). Similar behavior is observed for T = 30 000 K. For
T = 40 000 K the jump in the ordered phase is missing. Middle and right panels: Proton-proton pair distribution functions
for a fully ionized hydrogen plasma with M = 2000 at various particle densities at T = 20 000 K (middle) and 40 000 K
(right).

Figures 2 and 3 give the results of our PIMC calculations for three characteristic temperatures for which we
observe different phases. The left panel of ﬁgure 2 illustrates the behavior of the RD-PP as a function of the mean
interparticle distance. At high densities (rs ≤ 0.18) and T = 20.000 K, RD-PP is practically constant. In this
region the PP-PDF is approximately equal to one, except for the correlation hole at very small distances, which
is characteristic for a weakly coupled degenerate gas of protons (see middle panel of Figure 2). When the density
is decreased to rs ≈ 0.2 a sudden jump of the RD-PP occurs, which is related—as can be concluded from the
change of the PP-PDF—to a transition to a perfect proton crystal. At rs ≈ 0.2, gpp exhibits well pronounced
c 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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narrow peaks and dips; cf. the middle panel of Figure 2. Thus, in the density interval from rs = 0.2 to rs = 0.23
protons are ordered in a crystal-like structure.
A further density decrease (rs ≥ 0.23) results in a second sharp jump of the RD-PP with smaller magnitude.
This jump is accompanied by a broadening and lowering of the peaks of the PP-PDF. As yet, the nature of
the resulting state is not fully understood from the available data. a possible explanation is that the system is in
another (metastable) crystalline state which vanishes only at rs = 0.52 where a third large jump is found. Another
possibility is that we observe a phase transition to a liquid-like state that persists until rs = 0.52. As the density
is further reduced to rs = 0.54, the RD-PP shows another large jump while the PP-PDF changes dramatically
to a shape typical for a weakly coupled plasma. While the behavior of the RD-PP along the second isotherm
T = 30.000 K is very similar, the third isotherm, T = 40.000 K, does not exhibit the intermediate smaller jump
indicating that the ordered phase remains homogeneous throughout the density interval from rs = 0.15 to 0.35.

Fig. 3 Left panel: Hydrogen phase diagram in the vicinity of proton crystallization. Lines with circles are PIMC simulation
results. The ordered phase with low values of the RD-PP is embedded into classical and quantum disordered phases, appearing
to the left of the blue line and right of the black line, respectively. The red line indicates a structural transition inside the
ordered phase. The ordered proton phase terminates in a triple point. Right panel: Values of the classical coupling parameter
Γ (black dashed lines) and quantum degeneracy parameter nλ3 (red full lines) along the three lines along which the RD-PP
have a jump, cf. the left panel.

Our PIMC results for the PP-PDF and RD-PP are summarized in the phase diagram, cf. left panel of ﬁgure 3
(see lines with circles). An increase of the density, at ﬁxed temperature, ﬁrst leads to a Mott transition from a
neutral plasma (consisting of atoms and molecules) to a fully ionized disordered gas-like plasma. This transition
is not shown in the phase diagram as related rs ≈ 1.5 − 2. Upon further compression the sharp jump of the
RD-PP indicates a transition to a spatially ordered state (blue dotted line). The broad region of smooth variation
of the RD-PP indicates that this state persists over a broad density interval. For temperatures below 40.000K
a further increase of the density leads to a further reduction of the RD-PP, signaling another ordering transition
of protons. At a slightly higher density the RD-PP jumps up again when the melting of the proton crystal into
a proton quantum disordered phase takes place as a consequence of overlapping proton wave functions. At
temperatures larger than 40.000K the second jump of the RD-PP is missing. The characteristic values of the
coupling parameter Γ and degeneracy parameter np λ3p along the three phase boundaries are presented in the right
panel of Fig. 3. Here λ2p = 2π2 /(mkB T ) is the thermal proton DeBroglie wave length squared. We ﬁnd that Γ
is of the order of 23, 60 and 80, respectively, whereas the proton degeneracy parameter at these phase boundaries
is of the order of 0.01, 0.06 and 0.14, respectively.
To summarize, we presented ﬁrst simulation results for the phase diagram of a two-component dense quantum
plasma in the vicinity of the proton crystal. Note that these simulations differ qualitatively from previous OCP
results. Here we do not assume a rigid electron background and fully allow for a nonuniform electron density
due to the interaction with the proton potential ﬁeld. We like to emphasize that some of these results are still
preliminary, in particularly the interpretation of the ordered phase in between the two large jumps of the RDPP is not yet fully understood. Whether this whole density interval is characterized by a proton solid which
undergoes several structural transitions at high densities or whether the proton crystal phase exists only in the
narrow region of the lowest values of the RD-PP requires further analysis.
www.cpp-journal.org
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Our ﬁndings differ substantially from earlier predictions based on the OCP model: (i) In the classical part
of the phase diagram the crystal appears to be stabilized as compared to the OCP prediction, we ﬁnd a nearly
constant coupling parameter Γcr around 23 (60) at the disorder-order transition (at the structural transition inside
the ordered phase); (ii) In the quantum part of the phase diagram the crystal is destabilized compared to the
OCP prediction of rscr = 100 and vanishes at lower densities, also, the quantum melting temperature increases
with density, in contrast to the OCP. Thus we arrive at the conclusion that the simpliﬁed OCP treatment of the
liquid-solid transition in a two-component plasma has to be questioned. Apparently, the OCP-assumption of a
homogeneous rigid neutralizing background gives rise to substantial deviations of the critical parameters. More
simulations are underway to verify and generalize these predictions.
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