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Abstract. We investigate the entanglement properties of a nontrivial topological phase in
the one-dimensional (1D) Bose-Hubbard model with additional nearest-neighbor repulsion.
Employing the large-scale density-matrix renormalization group technique we show that a
gapped insulating phase protected by lattice inversion symmetry, the so-called Haldane
insulator, appears between the Mott and density wave phases in the intermediate-coupling
regime. The phase boundaries were determined from the central charge via the von Neumann
entropy. The Haldane insulator reveals a characteristic degeneracy in the entanglement spectra.
Breaking the lattice inversion symmetry strongly aﬀects the distinctive gapped dispersion of the
dynamical charge response of the bosonic Haldane insulator.

1. Introduction
In the recent past, quantum spin chains, featuring rich physics in spite of their simplicity, have
attracted renewed attention from a topological point of view. For example, a novel symmetryprotected topological (SPT) phase, the gapful Haldane phase [1] protected by lattice inversion
symmetry, appears in one-dimensional (1D) integer-spin systems [2, 3]. Interestingly such SPT
phase emerges also in interacting boson systems with long-range particle replusion [4, 5, 6].
This is documented for the 1D extended Bose-Hubbard model (EBHM) with local and nearestneighbor particle repulsion, and a site occupation nj = 0, 1 or 2, where the system can be
mapped into an eﬀective spin-1 model with Sjz = nj − ρ for a mean boson ﬁlling factor ρ = 1.
Here the so-called Haldane insulator (HI) phase, resembling the topological Haldane phase in the
quantum spin-1 chain, appears between the conventional Mott insulator (MI) and the insulating
density wave (DW) phases in the intermediate-coupling regime. Thereby the MI-HI transition
belongs to the Tomonaga-Luttinger liquid university class with central charge c = 1, while the
HI-DW transition is of Ising type with c = 1/2 [5].
In this work we characterize the properties of the topological HI phase in the EBHM from
an entanglement point of view. Utilizing the density-matrix renormalization group (DMRG)
technique [7], we numerically determine the MI-HI and HI-DW quantum phase transition
points via the central charge. The results appear to be in accordance with ﬁeld theoretical
predictions. For the nontrivial HI phase a distinctive degeneracy of the lowest entanglement
levels is demonstrated. Finally, carrying out the dynamical DMRG (DDMRG) simulations [8, 9],
we investigate the dynamical density structure factor in the vicinity of the quantum phase
transitions to conﬁrm the closing of the excitation gap, which is of great signiﬁcance for the the
SPT state.
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2. Model and Method
The Hamiltonian of the EBHM reads
Ĥ = −t


j

(b̂†j b̂j+1 + b̂j b̂†j+1 ) + U



n̂j (n̂j − 1)/2 + V

j



n̂j n̂j+1 ,

(1)

j

where b̂†j , b̂j , and n̂j = b̂†j b̂j are, respectively, the boson creation, annihilation, and number
operators at lattice site j. In Eq. (1) the nearest-neighbor boson transfer amplitude is denoted
by t; U (V ) parametrizes the on-site (nearest-neighbor) repulsions of bosons. The bosonic
hopping amplitude t promotes a superﬂuid (SF) phase at weak interactions, while U (V ) tends
to stabilize a MI (DW) state. In what follows we take t as energy unit.
To address the topological properties of the 1D EBHM we perform an entanglement analysis
in the framework of the ﬁnite-system DMRG approach. Considering the reduced density matrix
ρ = TrL− [ρ] of a sub-block of length , the entanglement spectrum ξα [10] is obtained from
the weights λα of ρ by ξα = −2 ln λα . In the nontrivial HI phase of the EBHM one expects
a characteristic degeneracy of the lowest entanglement levels due to the artiﬁcial edges that
appear by dividing the system into two sub-blocks during the simulation [11].
The entanglement analysis provides also valuable information about the universality class
of the system. Adding up the λα in the course of their computation, the von Neumann
entropy is obtained
SL () = −Tr [ρ ln ρ ]. Exploiting the conformal ﬁeld theory result

as 
c
L
π
+ s1 (s1 is a non-universal constant), the central charge c can be
SL () = 3 ln π sin L
computed from the relation [12]
c∗ (L) =

3[SL (L/2 − 1) − SL (L/2)]
,
ln[cos(π/L)]

(2)

and the phase boundaries follow—in a very eﬃcient and accurate manner— from the numerically
determined c∗ , because the system becomes critical only at the MI-HI (HI-DW) transition points
where c = 1 (c = 1/2) and c∗ forms pronounced peaks as the system size increases. Quite recently
this has been demonstrated for the EBHM [6].
In order to characterize the various insulating phases the excitation gaps have to be examined,
which behave diﬀerently approaching the trivial-nontrivial phase transition points, where one
expects the gap closing. This was also shown for the EBHM [4, 5, 6]. While the single-particle
gap Δc = E0 (N + 1) + E0 (N − 1) − 2E0 (N ) is ﬁnite in the MI, HI and DW phases and closes
at the MI-HI transition, the neutral gap Δn = E1 (N ) − E0 (N ) closes at both the MI-HI and
HI-DW transition lines. Here, E0 (N ) and E1 (N ) are the energies of the ground state and ﬁrst
excited state of the N -particle system, respectively, which can be easily calculated by DMRG.
Finally, calculating the dynamical charge structure factor is of particular importance since
the frequency- and wave-vector-resolved density response can be directly compared with
experimental results by momentum-resolved Bragg spectroscopy [13, 14]. The charge structure
factor is deﬁned as
S(k, ω) =


n

|ψn |n̂k |ψ0 |2 δ(ω − ωn ) ,

(3)

where |ψ0  (|ψn ) denotes the ground state (nth excited state) and ωn = En − E0 is the
corresponding excitation energy. In the absence of the nearest-neighbor repulsion V , S(k, ω)
was intensively studied by means of perturbation theory and the DDMRG method [15, 16].
Taking V into account, it is shown that the dispersion of S(k, ω) in the HI phase is remindful of
those of the spin-1 Heisenberg chain and behaves very diﬀerently in all three insulating phases [6].
Hence S(k, ω) might be used analyzing experiments in order to discriminate the various insulator
2
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Figure 1. Ground-state phase diagram of the constrained extended Bose-Hubbard model with
nb = 3 and ρ = 1, showing the Mott insulator (MI), Haldane insulator (HI), density wave
(DW) and superﬂuid (SF) phases. The MI-HI (squares) [HI-DW (circles)] phase transitions
are determined by the central charge c = 1 [c = 1/2] exploiting the von Neumann entropy as
demonstrated in panel (b) for U/t = 5. Panel (c) gives the corresponding (L → ∞ extrapolated)
data of the single-particle gap (triangles) and neutral gap (diamonds). The shaded regions in
panels (b) and (c) deﬁne the HI phase.
states. Here we adapt the DDMRG method to simulate S(k, ω) in the HI phase of the EBHM,
especially near MI-HI and HI-DW transition points with a focus on the gap closing.
In this work we ﬁx the maximum number of bosons per site nb = 3. Furthermore, we use
periodic boundary conditions (PBC) and keep up to m = 2400 density matrix states in the
DMRG computation, so that the discarded weight is typically smaller than 1 × 10−7 . For the
DDMRG simulations we take m = 800 states to compute the ground state during the ﬁrst ﬁve
sweeps, and afterwards use 400 states evaluating dynamical quantities.
3. Numerical results
Figure 1(a) displays the DMRG ground-state phase diagram of the 1D EBHM (1) with nb = 3. It
exhibits three diﬀerent insulating phases, besides a superﬂuid state in the weak-coupling region.
We have shown in a preceding work that the phase boundaries between these insulating phases
can be determined from the numerically calculated central charge c∗ [6]. This works particularly
well in the intermediate-coupling regime as demonstrated by Fig. 1(b). Obviously two maxima
develop in c∗ , which become more and more pronounced as the system size L increases, indicating
the MI-HI and HI-DW transitions with c = 1 and 1/2, respectively. This shows that the
system becomes critical approaching the quantum phase transition points. Note that the
estimated values of critical points in this region agree very well with other DMRG data [17]. We
furthermore note that the SF-MI transition points are estimated via the Tomonaga-Luttinger
exponent Kb as explained in Ref. [18].
As stressed above the various excitation gaps behave diﬀerently in the HI phase, in particular
at the quantum phase transition points [4, 5]. Figure 1(c) indicates that extrapolated DMRG
data of the single-particle gap Δc is ﬁnite in all insulating phases and closes at the MI-HI
transition. By contrast the neutral gap Δn closes at both the MI-HI and HI-DW transitions.
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Figure 2. Entanglement spectrum ξα of the EBHM with U/t = 5, as obtained by DMRG for a
system with L = 256. The shaded regions mark the HI phase, which shows (at least) a fourfold
degeneracy of the lowest [panel (a)] and higher entanglement levels [panel (b)]. The numbers in
panel (b) give the degree of degeneracy.
Let us now discuss the topological properties in terms of the entanglement spectra ξα within
the intermediate-coupling regime (U/t = 5). Dividing the system in two halves, using the
ﬁnite-system DMRG algorithm with PBC, one of the subblock with L/2 sites possesses two
edges [6, 11]. This has to be contrasted with the inﬁnite-time evolving block-decimation
algorithm [3], where only a single edge emerges for the semi-inﬁnite chain. Here we expect
a fourfold degeneracy of the lowest entanglement level of the HI phase, just as for the nontrivial
topological Haldane phase in the spin-1 XXZ chain. Figure 2(a) brings out this characteristic
fourfold degeneracy of the lowest entanglement levels of the EBHM with nb = 3—deep in the
HI phase. Since the HI phase is protected by the lattice inversion symmetry in a nontrivial way,
not only the lowest but the entire spectrum shows a 4j-fold degeneracy with j = 1, 2, . . ., as can
be seen from Fig. 2(b). In contrast the lowest entanglement levels of the MI and DW phases
are apparently non-degenerate. Close to the MI-HI transition larger system sizes L > 256 are
needed to reproduce the fourfold degeneracy; because of c = 1 the gap closes exponentially.
We ﬁnally want to take a look at the dynamical properties of EBHM within the range of the
topological HI phase, and therefore consider again the intermediate-coupling regime, U/t = 5.
It is well-known that in the Mott insulator phase a gap opens at the momentum k = 0 and
the spectral weight becomes concentrated in the region k > π/2 for ω  U [15, 16]. Increasing
V the MI-HI transition occurs, whereupon the gap at k = 0 closes according to Fig. 1(c). At
the same time the spectral weight will be concentrated at k > 3π/4 for ω  U , as indicated
by Fig. 3(a) for V  3.01. Deep inside the HI phase [see panel (b) for V /t = 3.3] the gap at
k = 0 opens again and the dispersion of the maximum in S(k, ω) acquires a sine-shape as for the
spin-1 XXZ chain [6]. Then the interesting question is whether the gap in S(k, ω) closes again at
the HI-DW transition point if V is increases further. The answer is yes, but now the gap closes
at momentum k = π, reﬂecting the lattice-period doubling within the DW phase. Accordingly,
S(k, ω) follows the behavior of the neutral gap Δn shown in Fig. 1(c).
4. Summary
To conclude, we have analyzed the non-trivial topological Haldane insulator phase—showing
up in the intermediate-coupling regime of the one-dimensional Bose-Hubbard model with longrange repulsive particle interaction—from an entanglement point of view. Performing large-scale
density matrix renormalization group calculations for ﬁnite systems with periodic boundary
conditions, the MI-HI and HI-DW quantum phase transition lines can be determined from the
central charge c∗ via the von Neumann entropy. Thereby our unbiased numerical (lattice model)
results conﬁrm the corresponding ﬁeld theoretical (continuum model) predictions c = 1 and 1/2.
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Figure 3. Intensity plots of the dynamical charge structure factor S(k, ω) at the MI-HI
transition point (a), in the HI phase (b), and at the HI-DW transition point (c). Data were
obtained applying the DDMRG technique to the 1D EBHM with L = 32, using a broadening
η = t. Crosses (circles) give the maximum value of S(k, ω) at ﬁxed momenta k = 2πj/L where
j = 1, . . . , L/2.
Furthermore, a characteristic fourfold degeneracy of the lowest entanglement levels in the HI
phase is found, which signals the SPT state for the interacting boson model in exactly the same
way as for the quantum spin-1 XXZ chain. Finally we studied the dynamical properties of the
topological HI phase. Here the dynamical density structure factor is reﬂective of the behavior
of the neutral gap: the dispersion of the maximum in S(k, ω) is gapless at both the MI-HI and
HI-DW transition lines. Notably the momentum where the gap closes diﬀers: for the MI-HI
(HI-DW) phase transition the gap vanishes at k = 0 (k = π).
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