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Abstract. Intending to describe band-structure effects on the low-frequency and long-range
quantum fluctuations in heavy-fermion metals. especially in UPt, , analytical results for the
wavevector- and frequency-dependent spin susceptibility xo(q, w ) of non-interacting electrons
at zero temperature on the basis of an uniaxially anisotropic and nonparabolic single-band
model are derived. The Fermi surface (FS) anisotropy and topology results in a qualitatively
different behaviour of xo(q,U ) compared with the spherical FS model. The static susceptibility
xo(q) for the closed FS reveals a maximum at either q=O or at the Brillouin zone boundary
depending on the band filling. For the open FS various Kohn anomalies in xo(q) are found.
The spectral density Im xo(q,w ) for small w , 141. and o/lqi shows pronounced structures and.
for the open FS, a logarithmic divergence (Taylor anomaly).

1. Introduction

The increasing interest in heavy-fermion metals (for reviews see Stewart 1984, Lee er a1
1986) is mainly caused by two fundamental problems on which there is considerable
controversy: (i) the origin of the heavy electron mass at very low temperatures, (ii) whether
there is a phonon-exchange or purely electronic pairing mechanism for superconductivity,
e.g. in UPt3 (Tc-0.5 K) and UBe13 (T, -0.9 K). One step towards the solution of those
problems is to clarify the nature of the low-frequency quantum fluctuations in the normal
phase. They have a profound influence on both the mass enhancement and the fluctuationmediated superconducting pairing interaction.
Experimental evidence for pronounced long-range fluctuations at low temperatures was
found in the specific heat of UA12 and UPt3 (Stewart 1984). Besides a large term linear in
temperature, this revealed a contribution which was fitted to a T 3In T law and ascribed,
in analogy with liquid 3He, to long-wavelength spin fluctuations (SF) near a ferromagnetic
instability (paramagnons). Whereas in UAlz there are strong ferromagnetic SF, recent
neutron scattering experiments on UPt, (Goldman et a1 1986) yield evidence for
antiferromagnetic SF with a wavevector along the hexagonal c axis. However, as shown by
Moriya (1970), these fluctuations do not give rise to a T 3In T term in the specific heat.
Auerbach and Levin (1 986) have explained such a term by long-wavelength hybridisation
fluctuations between conduction and nearly localised f-quasiparticles (Kondo bosons).
In the SF theories (for reviews see Stamp 1985, Lee er a1 1986), in particular in the
finite frequency and wavevector extensions of the Fermi liquid theory (Pethick et a1 1986,
Pethick and Pines 1986), the long-range fluctuations are described by the dynamic spin
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susceptibility x(q, 0). In the theory by Auberbach and Levin (1986) the Kondo boson
propagator formally resembles the SF propagator x(q, 0).
The fluctuation propagator is
often used to determine the fluctuation contribution to the thermodynamic potential.
All current applications of fluctuation theories to heavy-fermion systems have a serious
shortcoming: they completely ignore the real crystal structure and the resultant band
structure, i.e. they assume a spherical Fermi surface (FS) and a parabolic conduction band.
However, considering, for example, the FS of UPt, (Oguchi and Freeman 1986) it reveals a
high anisotropy and complicated topology (multiple closed and open electron and hole
sheets). The strong uniaxial anisotropy in some macroscopic properties of UPt, (magnetic
susceptibility, resistivity etc (Frame et a1 1984)) seems to be closely related to the FS
anisotropy. The band-structure effects, known to be important for the symmetry
classification of the superconducting order parameter (Lee et a1 1986), may also be
reflected in qualitatively different wavevector and frequency dependencies of the
fluctuation propagator compared with the spherical FS model. In our view, this should have
profound consequences for the fluctuation contribution to the specific heat in the normal
phase of heavy-fermion metals.
In order to give a qualitative and transparent description of band-structure effects on
the low-frequency, long-range fluctuations in heavy-fermion metals, it is desirable to obtain
closed-form expressions for Re x(q, w ) and Im x(q, w ) on the basis of a suitable band
model. Such a model calculation should be considered as a first step towards the
incorporation of real band structures for heavy fermion metals (for numerical bandstructure calculations of x(q, w ) for simple and transition metals see, e.g., Stenzel and
Winter 1986 and references therein).
With the background outlined above, the purpose of this paper is to derive analytical
results for the spin susceptibility of non-interacting electrons at zero temperature, xo(q,U),
on the basis of a uniaxially anisotropic and nonparabolic single-band model. In most of the
long-range fluctuation theories x O ( q , w ) is a decisive input to the calculation of the
thermodynamics (for a review see Moriya 1981). In this paper we are particularly
interested in the FS anisotropy and topology effects on the static susceptibility xo(q) and on
the spectral density Im xo(q, w ) for low frequencies and wave numbers.
In 5 2 we present a model which describes a uniaxially anisotropic FS and the
topological transition from a closed to an open FS. We give exact results for the static
susceptibility with q parallel and perpendicular to the anisotropy axis and, in the case
where xo(q) has a maximum at q=O, , an expansion for all q directions up to quadratic
terms in the wave-vector components ($3.1). For the open FS we have found various Kohn
anomalies in xo(q) exhibiting different analytical behaviour. The calculation of Im xo(q, w )
for small w, IqI, and w/lql yields pronounced structures and, for the open FS, a logarithmic
divergence at a certain q direction (Taylor anomaly, 5 3.2). In $ 4 we discuss our results.
To our knowledge, the analytical calculation of xo(q, w ) for the case of an open FS was
performed for the first time.
2. Themodel

We consider a system of non-interacting conduction electrons in a metal with a highly
anisotropic band structure. We take into account a single band only and describe the
energy dispersion by the model
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Here mb is the band mass in the effective-mass approximation for the electron motion in
the xy plane; f is the tight-binding transfer integral between nearest neighbours on the z
axis (separated by d ) and determines the band motion in a periodic lattice potential in the z
direction. In (1) the band-structure effects are taken into account by the last term; it
describes the uniaxial anisotropy (rotational symmetry about the z axis) and the
nonparabolicity of the band dispersion.
Connecting the dispersion relation (1) with single-band models for heavy-fermion
metals, e.g. the effective Hubbard model for f-quasiparticles (Lee et a1 1986), &k has to be
considered as a model for the quasiparticle band dispersion. We note that the model (1)
was also used for the description of electron systems in layered structures (Grecu 1973,
Gasser 1986).
In the following we measure the wavevector components and the energy in units of d-I
and h2/(mbd2),respectively. From (1) we have
2
Ek = i ( k x

+ ky2 ) - a cos k,

where a = 2tmbdZIi-2 > 0. The model contains two parameters: the anisotropy parameter
a and the Fermi energy E F determining the band filling, where E F > -a. We now consider
the FS anisotropy and topology resulting from ( 2 ) . In figure 1 the topological structure of
the FS for different values of E F is shown ( a = 1). The intersection of the FS with the k , = 0
plane is a circle of diameter dl =
and the maximal extension of the FS in the z
direction is dil= 2 cos-’( -&F/a)O(a- E F ) + 27r@(&~--a). For E F < a the FS lies within the
first Brillouin zone which is limited in the z direction by k, = i (closed FS). Let us point
out that the closed FS shown in figures l(a) and l(6) yield qualitatively different analytical
structures of xo(q) (0 3.1). At the critical value E F = a the FS intersects the Brillouin zone
boundary at the points (0, 0, + n) where aEk/8k= 0 (critical FS), and a topological
transition from the closed to the open FS ( E F > a) takes place. This transition can also be
achieved by the variation of a, e.g. by hydrostatic pressure, whereby da/dp > 0. The
intersection of the open FS with the Brillouin zone boundary is a circle of diameter d , =
- a). We note that topological transitions of FS were also discussed by Lifshitz et a1
(1975).
The topological transition at eF = a is reflected in all physical quantities by anomalies
of different kinds. Let us consider, for example, the single-spin density of states at the
Fermi level, N ( E ~ It) . is given by

d-,

fl~~

x
EF’O

5

i

Figure 1. Fermi surfaces (projected on the k , k , plane) of the band model (2) for a= I and
different values of E~ : (a), (b)closed FS ( E <~ a);(c) critical FS ( E F = a ) ;( d ) open FS ( E >
~ a).
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Figure 2. Density of states N(cF) (full curve) as a function of EF/aaccording to (3) (0= 1).
Broken curve shows a(dN(&F)/d&F).

where SZ is the volume of the crystal. At E F = a the derivative of N ( E F with
)
respect to E F
has a left-sided square-root divergence, whereas for all E F > a, N ( E Fis) constant (figure 2).

3. Spin susceptibility
The spin susceptibility function of non-interacting band electrons described by the model
(2) is the product of IF(qZ)1*and the reduced susceptibility xo(q,w), where F ( q , ) is the
atomic form factor (Izuyama et a1 1963, Grecu 1973). Since its 4, dependence is
inessential for our purposes (in the long-wavelength limit we have F(q,)+ l), in the
following we only investigate

with
Eliiq

I 2

- Ek = ql.kl + 2q1

+ 4 1 - cosq,) cos k, + a sinq, sink,.

fk is the Fermi function, ql(k,) the projection of q ( k ) on the xy plane and q1 = lqll.
We restrict ourselves to the calculation of the zero-temperature susceptibility, where
- E & ) and xo(0, O)=N(&p). In the long-range SF theories based on xo(q, U )
(Moriya 198 1 and references therein) the relevant frequency dependence of the dynamic
spin susceptibility is due to Im xo(q,U), so that Re xo(q, w ) is approximated by the static
susceptibility xo(q).In the next section we derive analytical results for xo(q).

h =@(EF

3.1. Static susceptibility

From (4) we get the static susceptibility
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where P is the principal value. We transform the k sum into an integral by

I...(2x)3 i'd' '2
-+-

k

-\/2(q

dk,

-'-d\,/2

jf"d p jo

+ a cos kz )

kldk,

....

(6)

The symmetry of the band dispersion (2) is reflected in the symmetry of xo(q).
Correspondingly, we get the anisotropic susceptibility xo(q) =xo(ql, q L )=xo(qi, qlJ, where
411 = 1q2/.Furthermore, xo(q) is periodic in q 2 with the periodicity of the reciprocal lattice
vector (0,0, 277). By (4) to (6) and straightforward but lengthy calculations, it is possible to
obtain exact analytical results for xo(q)with q parallel (q- = 0) and perpendicular (SI/= 0) to
the anisotropy axis.
We first consider the susceptibility for the closed FS, -a < eF < a. For q l = 0 we
obtain (henceforth we put s2 = 1)

The analytical structure of xo(0, 411) changes qualitatively at E F = O (figure 3). For E F =
0 (dil=7r) we get xo(0, qI)=N(&F)= 1/47r. In the case -a < E F < O (FS sketched in
figure l(a)) xo(0, 411) has a maximum at qll = 0 and a minimum at 411 = n. For 0 < E F < a (FS
sketched in figure I(b))the static susceptibility reveals an 'antiferromagnetic' maximum at
411 = x.

The susceptibility xo(0, qll) shows the classical Kohn anomaly (logarithmic divergence
E F > 0 it appears at dlland at 27r- dll,respectively
(figure 3).

of the derivative), where for E F < 0 and

1
0

1

n/2

n

4 II

Figure 3. Static susceptibility ~ ~ (9110) for
, closed FS (full curves) and small-qll expansion of
~ ~ ( 0 , 9 1according
1)
to (10) (broken curve).
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For 411 = 0 the static susceptibility is given by

where

K(k)(F(k,9))and E(k)(E(k,(4)) are the complete (incomplete) elliptic integrals of the first
and second kinds, respectively. The susceptibility xo(ql, 0) is shown in figure 4,where the
Kohn anomaly occurs at d l .
Our results for xo(0, qIl) and xo(qL,0) show that xo(q) has a maximum at q = O in the
case - a < cF < 0. This behaviour allows, within various SF theories (Moriya 198 l), the
description of long-wavelength ferromagnetic SF. In most of those theories the expansion of
the susceptibility for small wavenumbers is used, where it is always considered to be
isotropic in the wavevector components (6 4). In our model for - a < E F < 0 we obtain, by
(7) to (9) and symmetry arguments, the anisotropic Taylor expansion of xo(q)for all q
directions in the small-lql region,

1

2 1/2 - I

xO(q) zN(&F)- [ 24n2(a2- E F )

(412 - EFqlf).

(10)

In figures 3 and 4 this expansion is compared with the exact results.
The susceptibility for the critical FS, E F = a , can be obtained from (7) to (9) by the limit
EF -+a,i.e. by putting d,l= 2n, k = k,, and q = @ = 0. Note, that x0(0,411)does not depend
on qI1;,yo (0, 411)= N(cF)= 1/2n. Furthermore, xO(qi, 0) (figure 5 ) has a different analytical
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Figure 4. Static susceptibility xo(qL,0) for closed FS with a = 1 (full curve) and small-q,
expansion of ,yo( 9 ; , 0) according to ( I O ) (broken curve).
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Figure 5 . Static susceptibility xo ( q L ,0) for the critical FS (chain curve; cp = CL = 1) and the
open FS with cF = 1.1 (full curve) and cF = 1.5 (broken curve).

structure compared with that for the closed

FS

(figure 4), where the expansion of (8) for

41 < 4 4 %
xO(q1, 0) -N(&F) - 41/ 1 6 n f i ,

(1 1)

shows a linear decay with q A .
Finally, we consider the static susceptibility for the open FS, cF > a. We obtain
1 0 (0,

911) = N(&F)for all ql,?

(12)

NEF)

41 <dl

m P ) - ( 1 l n Z k c ) ( ( k 2- 1 M k ) +E(k)J
N(&F)-(k/n2kc)E(k-I)

di < q - < d l
41 > d-.

(13)

Besides the classical Kohn anomaly at d - , the susceptibility xo(qi, 0) reveals a qualitatively
different Kohn anomaly which is an effect of the FS topology (figure 5 ) : xo(ql, 0) is
constant up to dl, and at dl the right-sided derivative ax0(q1, O)/Bql is given by

which does not depend on E F .
We note that the cF + a limit of (1 2) and (1 3) ( d l + 0 ) coincides with that of (7) and (8),
respectively.
3.2. Dynamic susceptibility
The dynamics of the long-range SF are essentially determined by the spectral density
Im xo(q, U).From (4) we have, at zero temperature (Moriya 1970),

where the integral is taken over the surface section S, defined by

&k+q-&k=W,

&k<

cF,
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> &F.Since we are interested in low-frequency fluctuations, we consider the expansion
of (1 5 ) for w < 1 derived by Moriya (1 970),
&k+q

1'

ImXo(4, w ) F q dl { I V & k I t V ( & k + q - & k ) l l sin IC/(q, k)l}-'
871 - L
cos @(q,A)=

V&k

'

V(&k+q -&k)/(lV&kIIV(&k+q-

(16)

&k)I).

The integral contour L is the line of intersection of the surfaces & k = & F and & k + q = & F . For
the calculation of Im Xo(q, w ) one must carefully investigate the denominator in (16) with
(4), especially the angle 3, as functions of q and k (see also Q 4). First, we state that the
denominator tends to zero only for q+ 0; for q+ Q = (0,0, n) (antiferromagnetic
wavevector for O < E F <a, Q 3.1) it takes a finite value so that I m X o ( q , w ) a w (Moriya
1970). Therefore, we calculate ImXo(q, w ) in the small-lql region, i.e. for Iq/ 4 1 and
o/lq < 1. Then, the line L is given by the intersection of the FS and the surface q . V & k = 0,
i.e. by

k:

+ kj - 2a cos k, = 2&F,

qxkx+ aq, sink, = 0,
where we have put qy = O without loss of generality. In figures 6 and 7 the contour L for a
given q direction is shown in the case of the closed and open FS, respectively. Since the
derivation of analytical results for Im XO(q, w) on the basis of (1 6) and (1 7) requires lengthy

-n

'i

Figure 6. Closed FS (a= 1.6. tF = 1.5) illustrating the
calculation of Im xo (q, U ) . The integral contour L
given by (17) corresponds to q with O=tan-'
(q,/Q)= 77/3.

Figure 7. Open FS (a= 1.25, zF = 1.75) illustrating
the calculation of Im xo(q, U ) . The integral contour L
given by (1 7) corresponds to q with O= n/6.
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calculations, here we sketch only the main steps. We evaluate the contour integral in (16)
by parametrising it with respect to k, and get
w

Im xo(q,w) 2 -A b ; E F , a )
141

Y = 4d411

(18)

L, denotes the integration over z = cos k , within the limits given by the projection of L
(with k, > 0 due to the symmetry of the problem) on the z axis, where k Z l(k,2) in figures 6
and 7 correspond to z I (z2).
In (18) we have described the anisotropy in the wavevector dependence of Im Xo(q,0)
by the anisotropy function A ( y ; cF, a). It expresses the deviation of (18) from the result
Im Xo(q, w ) a w / l q / obtained, for example, for an isotropic band dispersion ( 5 4). The
function A essentially depends on the ratio y determining the q direction (see below). For
the calculation of the anisotropy function the nature and sequence of the zeros of the
denominator in the elliptic integral in (19) play a crucial role. Thereby, one has to
distinguish different cases given by the topology of the FS and the q direction. It is
convenient to give the results in terms of the reduced anisotropy function

2(y;E F , a)=A(y;EF, a)/A(O;EF,a )
A(0;E F , a )= ( 1/47ia)(1 + O ( E F
- a)).

0

nI4

n12

e
Figure 8. Anisotropy function A' in Im ,yo (q, U ) , given by (18) and (20) where 8= tan- y, for
the closed FS with a = 1 and E F GO. Chain curve, E~ =-0.95; broken curve, cF = -0.5; full
curve, = 0.
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For the closed FS (figure 6) the contour L is a closed curve for all y , and Z Z < - 1 < z l < 1.
We obtain

In figures 8 and 9 , A is plotted for a = 1 as a function of 8= tan-ly. It shows a maximum at
y & 1 which increases with E F and takes a A-shaped form for
near a. Approaching the
critical FS (limit eF + a ) the maximum develops to a logarithmic divergence at y = \ / E F .
For the open FS the contour L and the analytical results take different forms depending
on y, where the characteristic values

(for which z l = z2) separate the different cases. For y < ycl the contour L consists of three
unconnected parts (figure 7), whereas for y > ycl it is composed of two lines (ky5 0). For
y = ycl the contour L passes through the parabolic points of the FS, and q is parallel to the
tangent in the parabolic point. Regarding the zeros of the denominator in (19), for y < ycl
we get - 1 < Z Z < z1 I , for ycl < y < yc2 the zeros z ] , are
~ complex, and for y > yc2 we have

<

I

At ycl the anisotropy function has a logarithmic divergence ( J c c K ( l ) , figure lo), which is
an X-type Taylor anomaly (Kaganov et a1 1982). ycl increases with decreasing E ~ and
,
the
limit cF -+aof A’ agrees with that taken from the closed FS.

4. Discussion

Our analytical study of the FS anisotropy and topology effects on the wavevector- and
frequency-dependent spin susceptibility has revealed qualitative changes and peculiarities in
xo(q,w ) compared with the spherical FS model. In this section we discuss some results
obtained in Q 3.
Regarding those SF theories in which expansions of Re xo(q, w ) and Im xo(q, w ) for
small w , 1q/ and w / ( q / are taken (Moriya 1981), the expansions are considered to be
isotropic in the wavevector components, where the results for the free-electron model
(Izuyama et ai 1963) are used explicitly (isotropic expansions of the same form also hold
for the tight-binding band in a simple cubic lattice (cf Hasegawa and Moriya 1974)). Some
authors (e.g. Brinkman 1973, Moriya and Kawabata 1973, Hasegawa and Moriya 1974) have
considered those expansions to be common to general band structures, where the
expansion coefficients are assumed to depend on the special band dispersion. However, as
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Figure9. Anisotropy function 2 for the closed FS
with 0 < eF < a = 1. Chain curve, eF =0.9: broken
curve c F =0.99; full curve, cF = 0.999.
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Figure 10. Anisotropy function 2 for the open FS,
c F > a = 1. Full curve, cF = 1.001; broken curve cF =
I . 1 ; chain curve. cF = 2.

our results (10) and (18) show, in general the band structure results in expansions of
xo(q,w ) which are anisotropic in the wavevector components and may exhibit pronounced
structures and a qualitatively different behaviour compared with the isotropic expansions.
Let us now discuss some problems connected with the static susceptibility. Concerning
xo(q) for the closed FS, the different behaviour for topologically equivalent FS, namely the
peaking at q = 0 in the case - a < cF < 0 and at the antiferromagnetic wavevector Q =
(O,O, n) for 0 < cF <a, is an effect of the band anisotropy and nonparabolicity.
Considering, for example, the Hubbard model with the band dispersion (2), the properties
of xo(q)allow the description of both long-range ferromagnetic and antiferromagnetic SF
depending on the band filling. In order to treat SF in nearly antiferromagnetic metals. one
has to consider xo(q,w ) in the neighbourhood of q= Q,so that the mass enhancement and
the SF contribution to the thermodynamic potential are qualitatively different from the
results obtained for ferromagnetic SF (Moriya 1970, Moriya and Kat0 1971).
As to the new anomalies in the static susceptibility at T = 0 for the open FS, equations
(12) to (14), above all the constancy of xo(q) parallel and perpendicular to the anisotropy
axis requires further consideration. First of all one should clarify by numerical calculation
whether xo(q)shows a plateau in a finite volume of q space. Note, that such a flatness in the
static susceptibility was obtained for the two-dimensional free-electron model (Gabay and
Beal-Monod 1978, a-+0 limit of (1 3)), where, however, the Kohn anomaly at 2kF (= dl =
d , ) differs qualitatively from that given by (14).
A flatness in xo(q) has profound consequences for the description of critical SF, in
particular for the mass enhancement. Considering the single-band Hubbard model with the
dispersion relation (2) and cF > a, the random-phase approximation and the Stoner
criterion for the appearance of magnetism become meaningless. A curvature in xo(q) may
be achieved by a modification of the band model, for example by adding higher harmonics
to (2) or by taking into account several bands (Schrieffer 1968). Besides, a curvature of
x(q) may be obtained by going beyond the random-phase approximation for the Hubbard
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model (e.g. by introducing self-energy corrections along the lines indicated by Gabay and
Beal-Monod 1978) or by taking into account finite-ranged interactions (e.g. Moriya and
Kat0 1971, Gasser 1986). Such approaches are of interest not only for heavy-fermion
metals, but also for all quasi-two-dimensional metals (e.g. Gasser 1986 and references
therein) for which the case of an open FS is realised.
We now consider some methodological problems connected with the calculation of
ImXo(q, U ) according to (16) and with the anisotropy behaviour. In the small-/ql region
and for a general band dispersion Moriya (1970) has given a wrong result for Im xo(q, U),
which was revised by Moriya and Kat0 (1971) to the form (16) with & k + q - & k = q
V&k
and @(q,k) = x/2 on the contour L (intersection of the surfaces &k = & F and q V & k = 0).
However, in general the angle @(q,k ) on L is really a function of q and k, i.e. @(q,k) # x / 2
(as in our model). We get @(q,k) = 7r/2 for an isotropic dispersion & k = & k , since V E k Zk and
on I. we have V ( & l k + q i - & k ) O t q . For an arbitrary isotropic band model we obtain the
spectral density

Comparing this result with (18) in terms of the anisotropy function A , (24) represents a
special case in which A does not depend on q. In order to give a simple geometrical
illustration for the difference between the anisotropic and isotropic cases, in figures 6 and 7
we indicated the angle cp, Whereas for an isotropic band dispersion the normal vector n of
the surface q V & k = O lies parallel to q so that cp=x/2, in our model, by (17), we have
ncc(q,, 0, aq, cos k ; ) and cpf 742.
Finally, let us compare our results on the anisotropic spin susceptibility with the
experimental situation in UPt,. As discussed above, the model (2) with 0 < & F < a is
capable of describing antiferromagnetic SF with wavevectors around Q = (0, 0, II),as they
are observed in UPt, (Goldman er a1 1986). It was suggested that the SF in the ab plane
were ferromagnetic, which has to be confirmed by further neutron-scattering experiments.
The anisotropic nature of the SF and of the spin susceptibility plays a decisive role in
determining the fluctuation-mediated superconducting pairing interaction in UPt, (Miyake
er a1 1986). However, let us point out that in a realistic model for UPt, one has to take into
account the band-structure effects not only by an uniaxially anisotropic and nonparabolic
band dispersion, as considered in this paper, but also by at least two bands (Auerbach and
Levin 1986).
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