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Abstract. We present a detailed study of the extended
Hubbard-Peierls model on a square lattice using the
slave-boson method proposed by Kotliar and Ruckenstein. The emphasis is on the investigation of the ground
state phase diagram. To compare the relative stability of
several homogenous phases, the effective bosonized action was evaluated by means of a two-sublattice saddlepoint approximation which allows for the symmetry broken states compatible with the underlying bipartite lattice structure. Paying particular attention to the interplay
of electron-electron and electron-phonon interaction, we
take into account various types of magnetic ordered
phases, i.e. para-, ferro-, ferri-, and antiferromagnetic
states, as well as charge ordered phases, e.g. a static (7r,7c)
Peierls distorted state. Furthermore the approach has
been applied to the following special cases: the Hubbard
model, the extended Hubbard model, and the HubbardPeierls model. A careful numerical solution of the corresponding self-consistency equations enables us to map
out the ground-state phase diagrams of the various models at arbitrary band filling over the whole range of interaction strength. In the phase diagram of the Hubbard
model we found a large region with ferrimagnetic order
away from half-filling. The phase diagram of the halffilled band extended Hubbard model shows a first-order
transition from a spin-density-wave to a charge-densitywave state which is displaced from the mean-field line
U=4Vtowards larger V. At large negative U and Vwe
obtain a domain with charge separation. The phase compares favorably with earlier quantum Monte-Carlo results. Including the local electron-phonon coupling the
charge-density-wave region is considerably enlarged.
Away from half-filling the phase diagram becomes more
complex: besides the pure magnetic phases we obtain
ferri- and paramagnetic states which show additional
charge-density order. Aspects of phase separation are
discussed. Finally we investigate the variation of the different gap and order parameters along characteristic
lines in the parameter space and determine the renormalized quasiparticle bands.

I. Introduction
The considerable activity in the field of high-Tc superconductivity has aroused interest, once again, in theoretical models describing strongly correlated electrons. It
is generally agreed that the simple Hubbard model (HM)
contains the basic interactions to explain the main normal-state properties of these systems [1]. While most of
the current work concerns the possibility of a pure electronic pairing mechanism within the framework of the
two-dimensional (2D) HM [2, 3], the physical properties
of the HM are also expected to be important for understanding of itinerant magnetism [4] or a description of
the Mott-Hubbard metal-insulator transition [5]. For this
reason, the Hubbard Hamiltonian and its variants have
been extensively studied in the past few years.
In particular, the extended Hubbard model (EHM),
which includes nearest-neighbour Coulomb interaction,
has attracted much attention. Long range Coulomb interaction is expected to play an important role in a variety
of low-dimensional materials, such as 1D conducting
polymers [6] and charge transfer salts [7]. From a more
theoretical point of view the incorporation of interatomic
Coulomb interaction may be desirable to exclude (unphysical) phase separated states which has been discussed
recently for the pure HM and the related t - J model [8].
In one spatial dimension the half-filled EHM has been
investigated using, among other techniques, renormalisation-group methods [9, 10], exact Lanczos-diagonalisation [ 11-13] and Monte-Carlo simulation [ 14, 15]. The
ground state phase diagram of the EHM shows a surprising richness. For repulsive on- and intersite Coulomb
interactions (U, V > 0) the ground state of the system can
be a spin-density-wave (SDW) with continuous symmetry
or a truly long-range ordered charge-density-wave phase
(CDW). Monte-Carlo [15] and Lanczos results [12, 16]
indicate that the SDW-CDW transition occurs slightly
above the U--- 2 V line given by renormalisation group
[10, 17] and Hartree-Fock [18] calculations. A quantum
Monte-Carlo simulation of the 2D EHM shows that the
1D and 2D cases are qualitatively similar, where the SDWCDW transition is found for the square lattice near the
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line U = 4 V [ 19]. The EHM with on-site and/or intersite
attractive interaction has been intensively studied as a
theoretical model of local electron pairing in the context
of superconductivity (for an overview see Micnas et al.
[20]). The negative- U Hubbard model describes the crossover from a BCS-like superconductivity to the superfluidity of charged bosons. In the strong-attraction limit one
observes preformed local pairs (bipolarons). The interatomic Coulomb interaction will stabilize CDW ordering
(V > 0) or singlet (on-site) superconductivity (V < 0). The
negative-V EHM (U > 0) is expected to lead to anisotropic superconducting states for weak on-site correlations and to a SDW phase in the strong-coupling U-limit
(cf. [20], and references therein). At large negative V, a
first-order transition to a charge separated state is found
by Monte-Carlo [15] and Lanczos [12] technique. A physical mechanism leading to such a type of effective shortrange electron-electron attraction can be, among others,
a strong local electron-phonon coupling [20-22].
Obviously, the interplay of electron-electron and electron-phonon coupling in highly correlated Fermi systems
is of special importance for an understanding of both
superconducting and normal state properties of e.g. the
high-T, oxide systems. To discuss this question from a
microscopic point of view, the incorporation of electronphonon interaction is frequently based on a local Holstein
(Peierls) coupling to the electronic system [23-32]. Thus,
the physics of the resulting model is governed by three
competing effects: the itinerancy of the electrons, their
Coulomb interaction and the electron-phonon coupling.
The equilibrium state of the system will depend on the
relative strengths of electron-electron and electron-phonon interaction as well as on the ratio of phonon frequency to the renormalised bandwidth, i.e. on the adiabatic or nonadiabatic nature of the coupling [22]. The
nonadiabatic strong coupling case may lead to polaron
formation, where the polaronic band-narrowing favours
the strong correlation limit [31 ]. Along this line polaronic
or bipolaronic theories of superconductivity have been
developed [24, 33]. In the opposite adiabatic limit a CDW
(bipolaronic) insulator with frozen local lattice distortions may be formed [34].
Motivated by this situation the purpose of our paper
is the investigation of the ground state properties of the
2D EHM with (and without) additional onsite electronphonon coupling, i.e. the so-called extended HubbardPeierls model (EHPM). The stability of the 2D HubbardPeierls model (HPM) against a static Peierls distortion
was studied using Hartree-Fock [24] and Monte-Carlo
methods [25]. In previous work [29, 30] we have obtained
first results for the phase diagram of the HPM using the
slave-boson (SB) scheme introduced by Kotliar and
Ruckenstein [35]. Their auxiliary boson approach can be
readily generalized by the incorporation of etectron-phonon coupling [30, 36]. For the HM, Lilly et al. [37] have
performed a comparative study of the SB mean-field approch [35] and quantum Monte-Carlo calculations, where
an excellent agreement was obtained for groundstate
energy and several local quantities. In addition the SB
representation [35] provides a symmetric representation
of spin and charge excitations [54]. Therefore, the SB

formalism [35] should be a reasonable starting point for
a theoretical treatment of the EHPM as well.
This article is organized as follows. In Sect. II we discuss the model and sketch briefly the slave boson approximation scheme. Section III is devoted to the numerical evaluation of the resulting saddle-point equations. We analyse various types of spin and charge order
and present an extensive investigation of the ground-state
phase diagram of the EHM and the EHPM in Sect. IliA
and Sect. III B, respectively. The issue of phase separation
is discussed. In Sect. IIIC we determine the corresponding phase diagrams of the HM and HPM in the whole
range of parameters. Finally, in Sect. IV we summarize
the main results of our work.
II. Two-sublattice slave boson approach

Let us first discuss our model. The single-band extended
Peierls-Hubbard model is given by the Hamiltonian:

~ ' : ~el + ~el-ph + ~ph,

(1)

where

X,
(U>,a

+ U Z ni* n,, + V Z ninj,

ol-ph =

(2)

Z qin ,
i

(3)

qix,iy'

(4)

ix, iy

describes the electron, electron-phonon, and phonon (lattice) parts respectively. Above, c~*oand c;~ denote the
creation and annihilition operators for spin a electrons
at Wannier site i, n~, = c~**c~ is the occupation number
operator, and n~= ni, + n~,. ~'r represents the standard
extended Hubbard model, where t is the nearest neighbour (NN) hopping integral, and (ij ) indicates a sum
over N N pairs on a square lattice. In ~,~ the first two
terms together define the simple Hubbard model with an
on-site electron interaction U. V measures the Coulomb
interaction between electrons on N N sites. The electronphonon interaction term Yg',l-phand the elastic energy ~'~vh
of a harmonic lattice with spring constant K are treated
within the adiabatic approximation. The electronic system is coupled locally to static lattice displacements. The
Holstein coordinates qi are conventionally interpreted as
vibrational displacements of an internal optical degree of
freedom of the effective lattice site i. In the context of
the copper-oxide planes of, e.g., Laz_~BaaCuO 4 the
Peierls (Holstein) coupling involves the frozen phonon
displacements
q,x,ey = (x,~,ey - X~x-1,iy + Yi~,iy -- Yix,iy--1) / 4

(5)

of both oxygens in the unit cell i=(i~, iy) along the
Cu-O bond axis. This model has been frequently used to
study breathing-type phonon modes [24, 25, 29]. In the
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half-filled band case the electron-phonon coupling
leads to the appearance of a (re, re) Peierls instability,
which is connected to a staggered static distortion of the
square lattice. For the 0r,~c) mode we have x~,~ =
- x ~ _ l , ~ = y ~ , ~ = - y ~ , ~ _ ~ (cf. [30]); therefore, in (4)
the phonon part ~ph can be expressed as a quadratic
form of the Holstein coordinates.
In order to treat the correlation effects incorporated
in the E H P M in a non-perturbative way, we use the SB
approach [38-40] in a formulation due to Kotliar and
Ruckenstein [35]. In the spirit of [35] we introduce four
auxiliary boson fields e,.*,p ~ , and d 7 which refer to the
four different states of a Wannier site i, i.e., the empty
one, those single occupied by an electron with spin up or
down, and the doubly occupied state. In the enlarged
Hilbert space ofboson and fermion states these four states
are expressed in terms of boson and pseudo-fermion creation operators acting on the vacuum. To enforce that
only the physically relevant part of the enlarged Fock
space is considered, the boson fields are enslaved to the
pseudo-fermion fields {6,o} by a set of local constraints:
Q}I) = e7e~+p*~,p,~ +P*aPa + d 7 4 - 1 = 0
(completness),

(6)

Q}2) = Cio"
-t Cia
- _ PiaPia
*
- d7 4 = 0
(one-to-one correspondence).
Substituting the original electron operator by

cio = zi~ ca~,

(7)

we arrive at the following SB Hamiltonian of the E H P M :

7fsB=-t

Z (zLzj

,GG+ H.c.)

+UZdTd,+V
i

•

1

Z = T r ~ O ( Q } I ) ) I - [ 6 ( Q , ~ ) e (2)
i

--

(PToP*~+d74)

D2
+d*G)+Ud*d
Z - ' q,~(2)
a (",z~'tla
o"

+ V Z (p2o+d*d,7)~ 2

(ij),cr,cr'

z,~ = (1 -PT~,P,~ - 4 * 4 ) - 1 / 2

1
nkvo = e~(ek~ o_u~ + 1

o - e 7 e,)- ~/2

(9)

and zTo are introduced to ensure the correct U = 0 limit
at the mean-field level. Furthermore, rescaling aq,--+A~
we defined in (8) the dimensionless electron-phonon coupling 2 = a 2 / 1 6 K (hereafter, all interaction constants
(A, U, V) and energies are measured in units of t). Note
that in contrast to the H M the electronic interaction term
cannot be replaced by one bilinear in the field operators.
The above SB representation is manifestly not spin rotation invariant in spin space. An improved theory of Li

--d* d _ . ) + A2 1

1
+ fl- z~ ln(1--nkvo),
where

d,) (1 - p s

(lO)

)

In the physical subspace ~ s B has the same matrix elements as the original Hamiltonian Yg'. Following [35]
the operators

• (eTp,~ + p s

.

"

ff,o -~

(8)

+ dfdj).

SB -- JF'~* )

2 + p,Ts
2 +d*d~ - 1)
2,1(1) (e,2 + p,7,

= T

Z A2i
i

Z

-- fl ( ~

i, a

Here /z is the chemical potential, and the ~-functions
impose the constraints (6). Then the partition function
can be expressed by a coherent state functional integral
over fermion and boson fields [43]. The constraints are
incorporated by a suitable integral representation of the
6-functions [44] which naturally introduces the Lagrange
multipliers {k~ I~} and {)t~2~}. Transforming the Lagrange
multipliers into Bose fields, we can make use of the gauge
freedom of the action (which has a n U(1) | gauge symmetry [30, 54, 45]) to remove three bosonic phases. After
integrating out the fermionic degrees of freedom, one
obtaines an effective bosonic action which is an exact
representation of our model (for a more detailed discussion of this point see [30]). Mean-field approximations
to the functional integral are achieved by replacing the
boson fields by their time averaged values [54]. At the
same time the boson fields are obtained as saddle-point
solutions of the free energy functional. Obviously, an
unrestricted minimization of this functional is impossible
for an infinite system.
At the two-sublattice mean-field level the boson fields
are considerd as static and uniform on each sublattice.
In this case the constraints (6) can be satisfied on each
sublattice only on average. The grand-canonical potential
then follows as
e

</a>,~

-- s A i e ; eiff ~- ~
i, cy

et al. [42] does not suffer from this shortcoming. However, we have mentioned already that even the mean-field
results of the SB formalism [35] compares favorably with
Monte-Carlo data [37].
The grand canonical partition function for the model
(8) is given by

(11)

k,v,o

(12)

holds, and I / = A , B denotes the sublattice index. The
quasiparticle energies (v = +_ 1)

Ekv a =

~(a + ) + e k w

,

(13)

with
C k v o . = I/

2
]f(A~-)--A)2+eklZA~I21z.,,I
2,

(14)

are obtained by diagonalising the kinetic part, where
we have defined 2(~+ ) = ~,.oAo_
( 2 ) ~ - X(27
, o ) / 2 , X~- )=~)(2)
V~
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- 2 ~(2)
a ) / 2 , and A = A A = --A~ > 0. The k-summation is
restricted to the magnetic Brillouin zone of the square
lattice and ek = -- 2 t (COSk x + cos ky) gives the unperturbed 2D tight-binding band structure. The free energy
per site follows from (11) as

the saddle-point values of m, An, Am, and dr are determined by an iterative solution of the remainig nonlinear
stationary equations
1

(15)
where at given electron (hole) density n (6 = 1 - n), the
chemical potential p is fixed by the requirement
n= 89

N

~, nk~ o.

(16)

k,v,a

1

Z

A~-)-A

nk,,a--,

k,v,a

1

Am= 89

(17)

~. ank~a,
k,V,a

1

An= 89

2

Z nkva ekXqaX--eaXe--a
k,v,a
~'kva Y~a Y--,o

)< {p~,l p2,1 _ [6 -- ~, An + d.if]-1/2 d~-1},

(18)

(21)

and
/~ (2) ~

1

rla ~

2

2

Z nkva" ekXrla'X--ea"
k,v,a"
gkvce" flea" fl--qa"

• I dr [fi -- ~e An + d2 ] 1/2 _ Pn* Pea

pTo(a-

The sublattice particle numbers (per spin) are defined by
2
nea=p~o
+d~.2 The free energy f has to be stationary
with respect to variations in the bose fields e~, d*, d,,
Pea, 2o)
e , )(2)
"~ea, and A. Note that the variation with respect
to dr and d* yields equivalent expressions, i.e., d, becomes real within the saddle-point approximation. Therefore one has to solve a set of 15 coupled self-consistency
equations to get the saddle-point values of the bosonic
fields. The bipartite nature of the lattice plays an essential
role for the appearance of a symmetry broken state [37].
Here we are interested in a unique treatment of para(PM), ferro-(FM), ferri-(FIM), and antiferromagnetic
(AFM) long-range order, as well as of CDW ordered
states. For this purpose, we introduce the following 'order
parameters':
m= 89

2

U=~

77-d

as_o,

q- [xe a
I-Y,Ta {GAn+~r(m+GAm)-a}
6-r

a

+p:: T_CTSUgdT-/2] ao,a"1
+ 4 V ( 1 - - O - ~nAn),

(22)

where the abbreviations
x n o = [ c ~ - ~ , A n + d [ 7 2] 1/2 p n a + p e _ o d ~ ,

(23)

yea =I-[1 - { a - GAn-a(m+ G Am)}21,

(24)

as well as the conventions ~, = 1 ( - 1) ~ i / = A (B) and
a = 1 ( - 1) ~ a = 1"($) are used. Notice that for the
Peierls gap parameter A the relation
~f
~ = 0 = A = 8 2An

(25)

~kvo-

~. ank~ a
k,v,a

A~-)-A

Ekva

(19)

In the above equations, m r = n , , - n e , are the sublattice
magnetisations. Then the various ordered phases can be
specified as:
PM

An=O

m=0

Am=0,

PM/CDW

Ang:O

m=0

Am=0,

FM

An=O

m--/=O A m = O ,

AFM

An=O

m=0

Amr

FIM

An~O

m-~O

Am--/:O An~--Am,

holds. Working at fixed n, )t, U, and V the remaining
self-consistency loop is given by (16)-(25). Finally, the
physically relevant saddle-point is determined to give the
lowest free energy (15). Let us emphasize, that our numerical procedure allows for the investigation of metastable solutions.

IlL Numerical results
A. The phase diagram of the extended Hubbard model

F I M / S D W An#:O

m--/=O Am4=O

F I M / C D W An--I:O m-cO

Am-CO

AnnAm,
An>>Am.

Eliminating the variables ee, 2(1), and
peo=[ 89
+ a (m + ~ Am)} -- d 211/2

(20)

1. The fi = 0 case. We start the numerical evaluation of
the SB saddle-point equations at T = 0 by analysing the
ground state properties of the E H M (i.e. 2, A = 0). At
half-filling (6 = 0), the unperturbed 2D tight-binding band
structure e k gives rise to perfect (~, re) Fermi surface nesting, leading for U, V > 0 to a CDW or SDW instability
at the same wave vector,
Comparing the free energies of several symmetry broken states, we obtain the phase diagram of the 2D E H M
presented in Fig. 1~ In the plane of U and V, the phase
boundaries are indicated by full lines. Let us first discuss
the repulsive case with U, V > 0. The physics in this
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3.0

2.0

separated regions with different electron densities F/1 and
n2. To determine the phase boundary, we compare the
free energy of several homogeneous states with the free
energy of the two phase system performing the usual
Maxwell construction. The ground state energy of the CS
state can be easily calculated when the charge separation
becomes complete (i.e. n l = 0 and n2=2 ). The free
energies of the various homogeneous phases show a concave curvature for all n as function of n in the CS region,
indicating the thermodynamic instability of these states.
In other words, the inverse isothermal compressibility of
the system,

CDW

1.0

-2.~

CS

3.010.0

_Si ,0

Ol.O

i
5,0

i0.0

Fig. 1. Slave-boson phase diagram of the 2D extended H u b b a r d
model in the half-filled band sector. The dotted lines show the
results of asymptotic expansions (see text)

region is dominated by the competition between U and
V, which favours iSDW and CDW states, respectively.
The SB phase boundary between CDW and SDW (AFM)
states is slightly shifted from the Hartree-Fock [ 18] and
1D renormalisation group [10, 17] result U= z V. Here z
denotes the numb&r of NN sites. Obviously, this is an
effect of the Coulomb correlations which are included in
SB mean field treatment. The deviation from the line
U = z V was indicated by Lanczos [12, 16] and MonteCarlo [ 13, 15, 19] calculations as well. Using the approach
of local ansatz [46], Oleg et al. [47] found a qualitatively
similar behaviour. !The shift of the transition line towards
the CDW phase is somewhat smaller than the Lanczos
result obtained by Waas et al. [12] for finite chains up
to eight sites. At this point it should be mentioned, that
our local mean field approximation contains the dimensionality of the problem only via the unperturbed density
of states. A comparison with the 2D Monte-Carlo data
of Zhang and Callaway [19] yields, e.g., at U--4:
VcDw~sow-- 1.02 ,(Fig. 1) and VcDw~sow ~ 1.05 [19]. We
next consider the ~egion where U or V becomes negative.
The magnetic susceptibility is evidently suppressed by an
attractive interaction [20]. Unfortunately, the SB scheme
presented in Sect. II does not contain superconducting
correlations which may be of importance in this regime
[15,20] (cf. the discussion in Sect. I). Restricting us to
the normal state, we obtain four different phases. Besides
CDW and SDW order, the phase diagram exhibits at
U < 0 and V< 0 (but I V[ not too large) a metallic paramagnetic phase. It is interesting to note that the CDW
and SDW correlation functions obtained in this parameter regime from finite-lattice Lanczos calculations have
the same order of magnitude. At the same time, the kinetic part of ground state energy becomes strongly enhanced [48]. This may be interpreted as a tendency towards metallic behaviour. For large negative Vthe system
shows a transition to an inhomogeneous charge-separated state (CS). The position of the boundary towards
complete phase separation agrees well with the MonteCarlo results of Lin and Hirsch [15]. In the charge-separated state, the equilibrium configuration consits of two

t c - l = n 2 ~2f
c3n2 ,

(26)

becomes negative. Equating the free energies of charge
separated and SDW (CDW) states in the limit U, V--, co
(IV I ,~ 1, U ~ - oo), one gets the asymptotic behaviour
marked in Fig. 1 by dotted lines. We found that the transitions SDW ~ CDW and SDW, CDW, PM ~ CS are
first-order, whereas the transitions CDW, SDW.~ PM
are second-order. Our SB treatment yields no evidence
for a crossover from a continuous to a first-order
SDW ~ CDW transition with increasing U and V. The
crossover behaviour has been controversially discussed
for the 1D systems [9-14].
The variation of CDW and SDW order parameters
along characteristic lines in the parameter space is illustrated in Fig. 2 and 3. In Fig. 2 we show An as function
of V for the C D W ~ PM ~ CS transition ( U = - 4 , 0) as
well as for the CDW ~ SDW ~- CS transition ( U = 2, 4, 6).
The jump of An for U > 0 corresponds to an intersection
of the free energies of CDW and SDW states, which is
an indication of the first-order transition behaviour. Increasing the Hubbard interaction U at constant V, we
obtain the expected reduction of An, where at V < 0 the
CDW order parameter goes continuously to zero (cf.
Fig. 3a). Note that for U > 0, the sublattice magnetisa-
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Fig. 2. C D W order parameter An as function of the interatomic
Coulomb interaction V. The curves are given at various H u b b a r d
interactions U = - 4 (dashed line), U = 0 (dotted), U = 2 (chain dotted), U = 4 (chain dashed), and U = 6 (full)
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Fig. 3a, b. Order parameters An, Am, and effective hopping amplitude t ee are given as function of U in a and h, respectively. An
and tef are presented in the CDW phase at V= - 0.2 (chain dotted
line), V= 0 (full), and V=2 (chain dashed). The dashed curves
denotes Am and t ~ffin the SDW state, where the results are independent of V. Note that this solution becomes energetically stable
only below the CDW ~-SDW transition line. Dotted lines corresponds to a metastable CDW solution

tion is independent of the interatomic Coulomb interaction V. Thus we observe a monotonous increase o f A m
with U for the SDW solution even in their instability
region. Above (below) the transition point CDW ~ SDW
An (Am) breaks down abruptly. In the PM regime both
quantities vanish. In order to discuss the mobility of the
charge carriers we have calculated the effective transfer
amplitude
t ~ff-

0.0

--7
4.0

(27)

This quantity was used by Lilly et al. [37] to demonstrate
the excellent quantitative agreement of SB and quantum
Monte-Carlo results for the HM. As can be seen from
Fig. 3b, the electronic correlations lead to a reduction of
t elf compared to the free electron case. However, it is
interesting to notice that t ~ffbecomes enhanced in the PM
state and reaches its free electron value even at finite
negative V (cf. the chain dotted curve in Fig. 3b). For
the repulsive case (U, V > 0), Sfexhibits a cusp-structure
at the CDW ~ SDW transition point, where the electronic gap is minimal. Due to the large number of double
occupied sites on one sublattice, the effective hopping
matrix element is reduced in the CDW phase compared
to the SDW (AFM) state.
Results showing the renormalized quasiparticle bandwidth versus U for two typical values of the N N inter-

Fig. 4a, b. Renormalized quasiparticle bandwidths in dependence
of the intraatomic Coulomb interaction at V= 2 a and V= -0.2
b. The corresponding equilibrium states are denoted as in Fig. 1

action ( V > 0 and V < 0) are presented in Fig. 4a and b,
respectively. For the C D W and SDW states, the chemical
potential/~ is situated in the middle of the insulating gap.
The band-narrowing with increasing correlations is clearly
visible. Note that at the CDW ~ SDW transition, the
insulating gap of the SDW state is smaller than the corresponding C D W gap. As a function of U, the position
of lower (upper) Hubbard band remains nearly unchanged in the SDW (CDW) phase, whereas the upper
(lower) band varies almost linearly with U (see Fig. 4a).
This can be understood by performing the well-known
attraction-repulsion transformation [49]. For the P M
phase the gap disappears and we obtain metallic behaviour. In addition, the local magnetic moment
3
m eloc = ~(n
e - 2 d~2 ) takes roughly the value of the band
limit, i.e. m eloc ,.~
- 3 / 8 . m loc is a measure for the 'localisation' of the electronic spin. In the SDW state myloc grows
gradually to the atomic limit value m e~~ (U--, oo) = 3/4.
2. The ~ g=0 case. The analysis of the ground state prop-

erties of the E H M away from half-filling is much more
elaborate. In this case, Varma [50] has studied the E H M
in the U < 0, V > 0 sector by mapping it onto an anisotropic Heisenberg model in the presence of an external
field. Alternatively, Laad et al. [51] have performed a
canonical transformation onto a field-free X X - Z model
at half-filling in the strong coupling limit. Upon doping,
they found evidence for singlet superconducting and longrange ordered magnetic phases, However, at least to our
knowledge, a more complete study of the phase diagram
has not been attempted. To get the SB phase diagram we
make use of the saddle-point (16-24) which were derived
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Fig. $a, b. The domains of stability of several homogeneous phases
are depicted for the E H M in the a - U plane at K~U= 0.2 a and
V~ U= 0.3 b. The solid line gives the boundary between states with
An:~0 and A n = 0 ; the dotted curves separate the various F I M
states (cf. the classification in Sect. II)

using only trial states with commensurate structure [(z~, z~)
or (0, 0)]. This is certainly reasonable at half-filling. For
the doped case, one cannot exclude other symmetry broken ground states such as incommensurate COW [52],
magnetic textures [53], spiral magnetic order [55, 58], or
inhomogeneous phase separated states [29, 30]. However,
the incorporation of such states leads to enormous complications in the numerical evaluation of the resulting
bosonized action. To keep the problem tractable, we restrict ourselves to states with A - B-sublattice structure
even at finite doping, especially in view of the incorporation of an additional electron-phonon coupling in
Sect. IIIB.
With this simplification, we first discuss the qualitative
features of the phase diagram in the f i - U plane. Comparing the free energy of different homogeneous phases,
we obtain the stability domains presented in Fig. 5. The
corresponding variation of the order parameters An and
A m are shown in Fig. 6 for a typical value of the Hubbard
interaction ( U = 10). The calculations are performed at
fixed ratio V/U, where the parameters V / U = 0.2 (Fig. 5a)
and V / U = 0.3 (Fig. 5b) are chosen to select SOW and
COW states at half-filling. We found that in a large region
the doped system exhibits F I N spin order, i.e. the sublattice magnetisations have different magnitudes (A rn ~ 0).

At the same time, however, the COW order parameter
An becomes nonzero. Adopting the classification scheme
of Sect. II, we distinguish the various F I N states according to the relative importance of SDW and COW correlations. As can be seen in Fig. 6, the dominance of one
or the other order is most pronounced in the vicinity of
the half-filled band case. Increasing ~ we move into the
SOW regime m A>> [roB[ , where m B < 0 ( > 0) for
fi < 0.425 ( > 0.425). The resulting net magnetisation
obeys the relation m = (rnA + mB)/2 = f (m = 1 -- f ) for
< 0.5 ( f __>0.5). Obviously, there is some arbitrariness
in the determination of the F I M / S D W , ~ F I N ( F I N /
COW ~ F I N ) boundary. In the F I N state both types of
correlations coexist with the same order of magnitude.
For f _>0.5 we have An = A m until the transition to the
paramagnetic phase takes place. Let us emphasize, that
the quarter-filled case (~--0.5) allows for a commensurate spin and charge structure as well. In fact, we get for
the partial occupation numbers:
d,~2 _-_p . ,2= O ,
and

p~t>>p~,>O,

p~,=eg,

p~z = e~ .

Figure 7 displays the quasiparticle bandwidth of spin
up (a) and spin down (b) electrons in the SOW-like state.
Note that the bandwidth is strongly renormalized by the
electron-electron interaction and has to be self-consistently determined at a given doping level. Below the F I N /
SOW ~ PM transition the subbands show spin polarization according to the F I N order. Increasing f , i.e. lowering the electron density of the system, the electronic
correlations become less important and as a result the
effective bandwidth is enlarged. The chemical potential
(dotted curve) exhibits an anomalous slope near halffilling leading to a negative compressibility (K - ] =
-n2~p/~ff, cf. (3.2)). Adapting the Maxwell construction to the function p (f), a mixed state with lower free
energy can be constructed. Mean field SB approaches to
the t - J[56, 57], HM [55, 54, 58] and H P M [29, 30] yield
negative compressibility in certain parameter regions. The
inclusion of incommensurate spiral states does not pre-
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To illustrate the crossover from the F I M / C D W to the
F I M / S D W solution with increasing Uat finite fi, we have
calculated the phase diagram of the E H M in the 6 - U
plane for fixed V = 0.5. The result is presented in Fig. 8;
in addition, the dependencies of An and A m on U are
depicted in Fig. 9 at hole concentrations fi = 0 and
fi =0.075. The phase diagram shows the range of U,
where the effect of V is most pronounced. In the strongly
correlated case U>> V, the overall features of the phase
diagram are quite similar to the results for the pure H M
(see Fig. 15 in Sect. IIIC). The boundary between states
with and without CDW order is given by the solid line.
Dashed and solid curves indicate first-order phase transition lines. The FIM domain denotes a crossover region
between F I M / C D W and FIM/SDW-like order. Here the
phase boundaries (dotted curves) are not well-defined (cf.
the order parameters in Fig. 9). The variation of A n and
A m is compared with the half-filled band case. The abrupt
change of A m indicates the onset of magnetic order at
the first-order P M / C D W ~ F I M / C D W transition. In
contrast, An and A m show a continuous variation crossing the F I M / C D W ,~ FIM ~ F I M / S D W regimes.
B. The extended Hubbard model with Peierls coupling

vent the occurrence of this thermodynamic instability
[55, 58]. Lanczos diagonalisation studies have found indications of phase separation for the t - J model at large
J [8, 59, 60]. Several authors have suggested that the incorporation of long-range Coulomb interactions would
suppress such a phase separation on a macroscopic scale
[8, 30, 54-59]. Actually, in the SDW domain our results
indicate only a weak tendency towards phase separation
compared with the findings for the pure HM. For this
case the critical doping value O~, where K diverges, is
shifted to smaller values. It is interesting to notice, that
for the CDW-like state (especially at V / U > 0.5) the effect of V is to enhance the concave curvature of the free
energy, so that the formation of a phase separated ground
state is even more favoured.

To discuss the interplay of electron-electron repulsion
and electron-lattice interaction we investigate the extended Hubbard-Peierls model in this section. Lattice instabilities due to a static Peierls distortion were studied
for the 2D half-filled Hubbard model using both exact
diagonalisation methods and perturbation techniques for
the large U-limit [61, 62], where the electron-phonon coupling was assumed to affect the hopping matrix element
by an additional term proportional to the lattice displacement. It was shown that a critical electron-phonon
strength is required to form a so-called 'dimerized' state.
Furthermore, the frozen in (re, re) phonon mode is found
to be the most favourable one at not too large Hubbard
interactions U [61]. Using an unrestricted Hartree-Fock
approximation, Yonemitsu et al. [63] have shown the
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existence of a CDW state below a critical ratio U/2 for
the three-band HPM. The tendency towards 'dimerization' was observed for a local Holstein coupling, i.e. the
HPM, as well [29, 30, 64] (cf. Sect. IIIC). Here we are
concerned with the competing effect of 2 and V on the
one hand and U on the other hand. To map out the
ground state phase diagram of the EHPM, we examine
the SB self-consistency loop derived in Sect. II, by taking
the additional extremal condition (25) into account.
Starting at half-filling, the V - U phase diagram is
shown at fixed electron-phonon coupling 2 =0.125 in
Fig. 10. Compared with the results of Fig. 1 (2 -- 0 case)
we found an enlarged region with CDW order. Note that
the CDW ordered state is now accompanied by a static
(~, 7r) lattice distortion. These distortions alternately enhance/supress the effective on-site potentials in our
model. According to the lowered (raised) site energies on
2__
2>~12__
2
the A(B)-sublattice one has 1a~--eB~a~--eA,
where
An (2, U, V) > An (0, U, V) holds, i.e. an enhancement of
the CDW by the local electron-phonon coupling takes
place. To show clearly the shift of the CDW .~ SDW, PM,
CS transition lines we have marked the asymptotic expansions for the 2 = 0 case as in Fig. 1. In accordance
with Monte-Carlo simulations for the 1D model, the
CDW ~- SDW phase boundary is slightly displaced from
the Hartree-Fock line 4 V= U - 8 ) ~ towards the CDW
phase. The SDW .~ CS transition is not affected by the
Peierls coupling.
In Fig. 11 we present the gap parameter A vs U at,
e.g., 2 =0.125. Here we have A =An. Results for other
values of 2 are qualitatively similar. The abrupt breakdown of the 'dimerization' above a critical Coulomb repulsion UC again illustrates the first-order transition behaviour to the SDW state (the dotted curves belong to
metastabile solutions). At constant V the gap parameter
is a monotonous decreasing function of the Coulomb
interaction. Fixing the ratio V / U = 0.2, A becomes larger,
in the 'dimerized' (CDW)phase, as Uincreases. At U = 0
the chain dotted line gives the 'dimerization' of the simple
Peierls model.
In the remainder of this section we analyze our results
by doping the system away from half-filling. Viewed as
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Fig. 11. The Peierls gap parameter A is shown as function of Hubbard interaction U for the half-filledEHPM at ;t = 0.125. The stable

solution is presented at V= 0.5 (full line) as well as at the constant
ratio V/U= 0.2 (chain dotted line)
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a function of hole concentration, the phase diagrams of
the EHPM are displayed at 2 =0.125 for fixed ratio
IT/U and for constant V in Figs. 12 and 13, respectively.
The most important feature of both phase diagrams is
the fact, that for 6 =/:0, there always exists a regime with
finite Peierls distortion (A = 8 2An > 0), i.e. independent
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of the intraatomic Coulomb interaction strength. In the
limit of large U, the influence of the electron-phonon
coupling becomes less important and the phase boundaries of EHM and EHPM merge (cf. Figs. 5a and 12 as
well as Figs. 8 and 13, respectively). At the same time the
relation A m >>An holds in the FIM/SDW state. For small
values of the coupling, U < U y v -- 4 V§ 8 ,l, the electronphonon interaction leads to a considerable energy gain
due to 'dimerization'. This tendency becomes stronger
reducing U. As a result we found F I M / C D W and
P M / C D W states to be lowest in energy. In Figs. 12 and
13, first-order phase boundaries are indicated by full or
dashed lines, whereas the dotted curves again denote the
F I M / C D W ~ FIM ~ FIM/SDW crossover. Here 'dimerized' and 'undimerized' phases are separated by full
curves.
The doping dependence of A and A m are shown for
several values of U in Fig. 14a and b, respectively. In the
PM/CDW and F I M / C D W region (U < U~I/F),we found
a decrease of the 'dimerization' with increasing 5. Doping the system leaves e~ nearly unchanged, whereas the
number of doubly occupied sites on the A-sublattice is
strongly reduced d~ < e~. As a consequence, A m grows
smoothly from zero (if U > 0). In the FIM/SDW regime
(U > uyF), one observes the opposite behaviour. Note
that, for small doping concentration (5 ~ 1), the system
is in the vacancy regime, i.e. the effective hopping amplitude t ~tf is still suppressed. At larger doping level, the
transition to the FIM state becomes apparent in the A (5)
and A m (5) curves. The cusp structure of both quantities
at 5 = 0.5 is connected to the formation of a commensurate FIM state.

C. Special cases." The Hubbard (-Peierls) model

For completeness, we have studied the HPM and the pure
HM at all doping fractions. The SB mean field phase
diagram of the HM is shown in Fig. 15. To be consistent
with the preceding sections, we have performed numerical
calculations for the homogeneous AFM, FM, FIM, and
PM phase using the 2D tight-binding density of states.
Our results can be compared with the original SB phase
diagram of Kotliar and Ruckenstein [35], the D = oo
Gutzwiller phase diagram of Fazekas et al. [65], and a
previous study of the present authors [30]. However, these
investigations take only AFM, FM, and PM phases into
account. One of the most interesting results is that the
inclusion of FIM states changes the phase diagram considerably. Away from half-filling the FIM state becomes
energetically more favourable than the AFM one in a
large parameter region. FIM solutions at finite doping
has been found by Oleg [66] using a variational ground
state according to the local ansatz [46]. By contrast, the
region of their so-called 'special ferromagnetic state' [66]
is much broader than that of the FIM slave-boson solution. It is worthwhile to note that our FIM state has,
in the sense of Sect. II, SDW character. Going away from
half-filling, the order parameter A m decreases monotonously from its maximum AFM-value at ~ = 0. On the
other hand, the CDW order parameter An increases from
zero with increasing hole concentration 5 (but is still one
order of magnitude smaller than Am). This can be mainly
attributed to a reduction of doubly occupied sites on one
sublattice. Again m = fi holds. Therefore, we can conclude that, within the limitations of our calculations, even
the positive- U Hubbard model shows a tendency towards
weak CDW order for 5 4: 0. In the limit U ~ oo the FM
region extends from 5 = 0 + to 5 F M -~PM = 0.33. At U= oo,
the FM free energy exhibits convex curvature independent of the doping level. Thus, the SB theory does not
support the arguments for phase separation in this limit
[67]. A phase diagram, including mixed phases at finite
U, was recently presented in [30]. To improve the calculations further, it would be interesting to incorporate
incommensurate SDW/CDW states [55, 58] as well as
magnetic short range order effects [68].
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Fig. 15. The restricted SB phase diagram of the 2D Hubbard model
contains homogeneous PM, FM, F I M / S D W , and A F M states. At
5 = 0 we get an A F M ground state
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Finally, we show the corresponding ground state phase
diagram of the Hubbard-Peierls model in Fig. 16. Obviously, the 'dimerized' solutions are lowest in energy for
a large parameter region of U and ~. A finite gap parameter is related to C D W order (A = 8 2An). Thus the electron-phonon coupling enhances the CDW order parameter of the pure H M (An (2, U) > An (0, U) and, of course,
A (2, U) > A (0, U) = 0). The effect becomes strongest at
half-filling, where An(2, U)>O for U < U c ( 2 ) but
An(O,U)--O. The dashed phase boundary between
F I M / C D W and F I M / S D W denotes a first-order transition connected to a jump of Am and A, whereas
both quantities vary continuously along the F I M /
CDW ~ FIM ~ F I M / S D W transition line. Let us emphasize that the inclusion of the F I M / S D W state with
finite An enlarges the 'dimerized' region (A ~ 0 ) considerably. For comparison we refer to the phase diagram,
given by the authors in a previous paper [29], where only
the F I M / C D W state was taken into account.

IV. Concluding remarks
In this paper we have applied the slave-boson mean field
approach, first introduced by Kotliar and Ruckenstein
[35], to the 2D (extended) Hubbard-(Peierls) models. The
SB scheme enables us to treat electron-electron as well as
electron-phonon interaction over the whole range of coupling strength on an equal footing. F r o m our extensive
numerical evaluation of the resulting two-sublattice selfconsistency equations, we believe we get some insight into
the main features of the ground state phase diagrams of
the HM, HPM, EHM, and EHPM. The phase diagrams
are obtained by comparing the free energy of appropriate
symmetry broken states (cf. the classification in Sect. II)
as a function of band filling and interaction strengths.
Our main results for the different models are summarized
as follows:
(i) The SB phase diagram of the E H M at 5 = 0 is in good
agreement with previous Monte-Carlo and Lanczos results. The C D W ~ SDW transition is shifted from the

mean-field line towards the CDW region. Besides CDW
and SDW phases, we found at V < 0 evidence for a PM
regime. For large negative V, the electrons undergo a
condensation transition to a charge separated state (CS).
Off half-filling, the phase diagram becomes more complex: we observe P M / C D W , F I M / C D W , F I M / S D W ,
FIM, AFM, and PM regions. The effective bandwidth is
strongly renormalised by electronic correlations. The interatomic Coulomb interaction suppresses (enhances) the
tendency towards phase separation in the SDW (CDW)
regime.
(ii) Incorporating the local electron-phonon coupling, the
tendency towards C D W order is enhanced. Whereas the
SDW ,~ CS transition is not affected by the Peierls coupling, the CDW ~ SDW, PM, CS phase boundaries are
displaced. The CDW phase is accompanied by a static
(~, re) Peierls distortion, where the solution with finite
'dimerization' gives the lowest free energy in a considerable parameter regime of U, V, and 0. Increasing
the Hubbard interaction U, at 5 = 0, the 'dimerization'
decreases (increases) for fixed V(V/U) in the CDW state.
The transition to the undimerized state is first-order.
Away from half-filling, there is a transition between
F I M / C D W (ADAm) and F I M / S D W (Arn~A) at
U--~4 V + 8 2 . For the quarter-filled band, we found a
commensurate F1M state, where An =Am.
(iii) The two-sublattice SB phase diagram of the Hubbard model contains AFM, FM, PM and F I M / S D W
states. Upon doping, the F I M / S D W phase becomes energetically more favourable than the A F M one in a large
region. Note that the F I M / S D W solution shows weak
CDW order, i.e. Ang=O (but Arn~>An).
(iv) In the Hubbard-Peierls model, this tendency is enhanced due to the additional electron-phonon interaction. Actually, this is similar to the results for the EHPM.
Let us emphasize, that even the F I M / S D W state exhibits
a finite lattice distortion.
It would be very interesting to investigate the t - J-Peierls
model in an analogous way. Whereas the physics of the
H P M model near half-filling is dominated by the Peierls
instability, this type of CDW instability is suppressed in
the t - J - P e i e r l s model. Therefore, local (rather than
global) lattice distortions, such as small hole-polarons,
gain in importance [25, 32]. To treat these problems within
the SB scheme, one has to go beyond the two-sublattice
mean-field approximation. Work along this line, also including nonadiabatic effects due to a finite phonon frequency, is in progress.
We would like to thank D. Ihlc, A. Muramatsu, U. Trapper and
V. Waas for helpful discussions.
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